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Large scale AI models

Jaime Sevilla, Pablo Villalobos (2021): Parameter counts in Machine LearningAI models are rapidly developing

• scale of models

•computational power

The number of parameters in AI models becomes a large scale



Feed-forward neural network

Can we compress the weight matrix?
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Layer structure

Num. of parameters in a weight matrix
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A. Novikov, D. Podoprikhin, A. Osokin, and D. Vetrov, “Tensorizing Neural Networks,” NIPS (2016).



Matrix decomposition and compression
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Diagram notation
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                If two edges are connected, 
                it means the contraction of two indexes.

Compression!



Tensor decomposition and compression by MPS
Four-dimensional array
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MPS (matrix product state)

Wave function defined by MPS
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Compression!
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Area law in tensor networks

MPS (matrix product state) MPO (matrix product operator)
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TPS (tensor product state), 
PEPS (projected entangled pair state)

MERA (multiscale entanglement 
renormalization ansatz)

Various tensor network states hold the area law of entanglement entropy
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Entanglement in MPS
Four-dimensional array
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Bond dim.

Physical dim.

Entanglement entropy

MPS represents a class of quantum states in which entanglement is limited
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Note. MPS = Tensor train (Oseledets, SIAM J. Sci. Comput. 2011)
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Tensorization of a weight matrix
Weight matrix in a linear layer:

Weight between input neuron i and output neuron j
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MPO representation of a tensorized weight matrix
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Performance of a tensorized neural network

Supplemental Material for

Compressing deep neural networks by matrix product operators
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In this supplemental material, we give the detailed structure of the neural networks used in this work, and provide extra
information about the MPO representation, such as performance on more datasets, di↵erent factorization manners, entanglement
entropy grasped, the influence of L2 regularization, convergence of training, and so on. The material will help to understand our
work better. The corresponding source code used in this work is available at https://github.com/zfgao66/deeplearning-mpo.

I. Structure Details of the Neural Networks

The used structures of FC2, LeNet5, VGG, ResNet, DenseNet in this paper are summarized in Tab. II-VII, and their prototypes
can be found in Refs. [1–5], respectively. In order to simplify the descriptions, firstly we introduce some short-hands summarized
in Tab. I which are used in this material.

Abbreviation Meaning

MaxPo a max-pooling layer
AvgPo an average-pooling layer
Conv a convolutional layer

ConvUnit a unit composed of convolutional layers
ResUnit a unit introduced in ResNet

ResBlock a block composed of several ResUnits
DenseUnit a unit introduced in DenseNet

BN batch normalization

[w, h; c; s] a convolutional layer with c kernels
each with width w height h and stride s

[w, h; s] a pooling layer with pooling
width w height h and stride s

{w, h; c; s, t} a ResUnit composed of two convolutional layers
denoted as width {w, h; c; s} and {w, h; c; t} resp.

Npara number of parameters in the linear layers

Represented whether this block of layers are represented
by MPO in the preliminary test

TABLE I: The short-hands used in this material.

No. Layer name Input size Output size Comment Npara Represented

1 FC 28⇥28 256 200704 Yes
ReLu

2 FC 256 10 2560 Yes
Softmax

TABLE II: The FC2 network structure used in this work. ReLu and Softmax are element-wise operations, whose details are not shown here
and after.

ZE-FENG GAO et al. PHYSICAL REVIEW RESEARCH 2, 023300 (2020)

For convenience, we use MPO-Net to represent a deep neu-
ral network with all or partial linear layers being represented
by MPOs. Moreover, we denote an MPO, defined by Eq. (5),
as

MJ1,J2,...,Jn
I1,I2,...,In

(D). (8)

To quantify the compressibility of MPO-net with respect to a
neural network, we define its compression ratio ρ as

ρ =
∑

l N (l )
mpo∑

l N (l )
ori

, (9)

where
∑

l is to sum over the linear layers whose transfor-
mation tensors are replaced by MPO. N (l )

ori and N (l )
mpo are the

number of parameters in the lth layer in the original and MPO
representations, respectively. The smaller is the compression
ratio, the fewer number of parameters is used in the MPO
representation.

Furthermore, to examine the performance of a given neural
network, we train the network m times independently to obtain
a test accuracy a with a standard deviation σ defined by

a = ā ± σ, (10)

σ = 1√
m − 1

[
m∑

i=1

(ai − ā)2

]1/2

, (11)

where ai is the test accuracy of the i-th training procedure. ā
is the average of {ai}. The results presented in this paper are
obtained with m = 5.

A. MNIST data set

We start from the identification of handwritten digits in
the MNIST data set [57], which consists of 60 000 digits for
training and 10 000 digits for testing. Each image is a square
of 28 × 28 grayscale pixels, and all the images are divided
into ten classes corresponding to numbers 0 ∼ 9, respectively.

1. FC2

We first test the MPO representation in the simplest text-
book structure of neural network, i.e., FC2 [56]. FC2 consists
of only two fully connected layers whose weight matrices
have 784 × 256 and 256 × 10 elements, respectively. We re-
place these two weight matrices, respectively, by M4,4,4,4

4,7,7,4 (D)
and M1,1,10,1

4,4,4,4 (4) in the corresponding MPO representation.
Here we fix the bond dimension in the second layer to 4, and
only allow the bond dimension to vary in the first layer.

Figure 2 compares the results obtained with FC2 and the
corresponding MPO-Net. The test accuracy of MPO-Net in-
creases when the bond dimension D is increased. It reaches the
accuracy of the normal FC2 when D = 16. Even for the D = 2
MPO-Net, which has only 1024 parameters, about 200 times
less than the original FC2, the test accuracy is already very
good. This shows that the linear transformations in FC2 are
very local and can indeed be effectively represented by MPOs.
The compression ratio of MPO-Net decreases with increasing
D. But even for D = 16, the compression ratio is still below
8%, which indicates that the number of parameters to be
trained can be significantly reduced without any accuracy loss.
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FIG. 2. Performance of the MPO representations in FC2 on
MNIST. The solid straight line denotes the test accuracy obtained
by the normal FC2, 98.35% ± 0.2%, and the dashed straight lines
are plotted to indicate its error bar.

2. LeNet-5

We further test MPO-Net with the famous LeNet-5 net-
work [2], which is the first instance of convolutional neural
networks. LeNet-5 has five linear layers. Among them, the last
convolutional layer and the two fully connected layers contain
the most parameters. We represent these three layers by three
MPOs, which are structured as M2,5,6,2

2,10,10,2(4), M2,3,7,2
2,5,6,2 (4), and

M1,5,2,1
2,3,7,2 (2), respectively. The compression ratio is ρ ∼ 0.05.
Table I shows the results obtained with the original and

MPO representations of LeNet-5. We find that the test ac-
curacy of LeNet-5 can be faithfully reproduced by MPO-
Net. Since LeNet-5 is the first and prototypical convolutional
neural network, this success gives us confidence in using the
MPO presentation in deeper neural networks.

B. CIFAR-10 data set

CIFAR-10 is a more complex data set [58]. It consists of
50 000 images for training and 10 000 images for testing. Each
image is a square of 32 × 32 RGB pixels. All the images
in this data set are divided into ten classes corresponding to
airplane, automobile, ship, truck, bird, cat, deer, dog, frog, and
horse, respectively. To have a good classification accuracy,
deeper neural networks with many convolutional layers are
used. To show the effectiveness of MPO representation, as a
preliminary test, we use MPOs only on the fully connected

TABLE I. Test accuracy a and compression ratios ρ obtained in
the original and MPO representations of LeNet-5 on MNIST and
VGG on CIFAR-10.

Original Rep MPO-Net

Data set Network a (%) a (%) ρ

MNIST LeNet-5 99.17 ± 0.04 99.17 ± 0.08 0.05
CIFAR-10 VGG-16 93.13 ± 0.39 93.76 ± 0.16 ∼0.0005

VGG-19 93.36 ± 0.26 93.80 ± 0.09 ∼0.0005
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2. LeNet-5

We further test MPO-Net with the famous LeNet-5 net-
work [2], which is the first instance of convolutional neural
networks. LeNet-5 has five linear layers. Among them, the last
convolutional layer and the two fully connected layers contain
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Net. Since LeNet-5 is the first and prototypical convolutional
neural network, this success gives us confidence in using the
MPO presentation in deeper neural networks.

B. CIFAR-10 data set

CIFAR-10 is a more complex data set [58]. It consists of
50 000 images for training and 10 000 images for testing. Each
image is a square of 32 × 32 RGB pixels. All the images
in this data set are divided into ten classes corresponding to
airplane, automobile, ship, truck, bird, cat, deer, dog, frog, and
horse, respectively. To have a good classification accuracy,
deeper neural networks with many convolutional layers are
used. To show the effectiveness of MPO representation, as a
preliminary test, we use MPOs only on the fully connected

TABLE I. Test accuracy a and compression ratios ρ obtained in
the original and MPO representations of LeNet-5 on MNIST and
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The compression ratio of MPO-Net is small!



■ Compression of weight matrixes by MPO in a neural network


■ Low computational cost

■ Applicability to any NN: FC2, VGG, ResNet, DenseNet

■ High compression rate: MNIST, CIFAR-10, Fashion-MNIST

Features of tensorized neural networks

A. Novikov, D. Podoprikhin, A. Osokin, and D. Vetrov, “Tensorizing Neural Networks,” NIPS (2016).

Z.-F. Gao, et al., “Compressing deep neural networks by matrix product operators,” Phys. Rev. Research, vol.2, 023300 (2020).
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Why is the weight matrix effectively compressed?

Observation of effective components in weight matrix 

“Entanglement in MPO”
Asoshina and Harada: “Entanglement analysis of neural networks with MPS,” 
                                      JPS Autumn Meeting 2021 (22pL4-9).

Asoshina and Harada: “Automatic rank optimization of MPO in tensorized neural networks,” 
                                      JPS Autumn Meeting 2022 (14pH112-1)
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Time evolution of E.E. in MPO
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Summary and discussion

Compression of neural networks

A. Novikov, D. Podoprikhin, A. Osokin, and D. Vetrov,  
“Tensorizing Neural Networks,” NIPS 2016.
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For convenience, we use MPO-Net to represent a deep neu-
ral network with all or partial linear layers being represented
by MPOs. Moreover, we denote an MPO, defined by Eq. (5),
as

MJ1,J2,...,Jn
I1,I2,...,In

(D). (8)

To quantify the compressibility of MPO-net with respect to a
neural network, we define its compression ratio ρ as

ρ =
∑

l N (l )
mpo∑

l N (l )
ori

, (9)

where
∑

l is to sum over the linear layers whose transfor-
mation tensors are replaced by MPO. N (l )

ori and N (l )
mpo are the

number of parameters in the lth layer in the original and MPO
representations, respectively. The smaller is the compression
ratio, the fewer number of parameters is used in the MPO
representation.

Furthermore, to examine the performance of a given neural
network, we train the network m times independently to obtain
a test accuracy a with a standard deviation σ defined by

a = ā ± σ, (10)

σ = 1√
m − 1

[
m∑

i=1

(ai − ā)2

]1/2

, (11)

where ai is the test accuracy of the i-th training procedure. ā
is the average of {ai}. The results presented in this paper are
obtained with m = 5.

A. MNIST data set

We start from the identification of handwritten digits in
the MNIST data set [57], which consists of 60 000 digits for
training and 10 000 digits for testing. Each image is a square
of 28 × 28 grayscale pixels, and all the images are divided
into ten classes corresponding to numbers 0 ∼ 9, respectively.

1. FC2

We first test the MPO representation in the simplest text-
book structure of neural network, i.e., FC2 [56]. FC2 consists
of only two fully connected layers whose weight matrices
have 784 × 256 and 256 × 10 elements, respectively. We re-
place these two weight matrices, respectively, by M4,4,4,4

4,7,7,4 (D)
and M1,1,10,1

4,4,4,4 (4) in the corresponding MPO representation.
Here we fix the bond dimension in the second layer to 4, and
only allow the bond dimension to vary in the first layer.

Figure 2 compares the results obtained with FC2 and the
corresponding MPO-Net. The test accuracy of MPO-Net in-
creases when the bond dimension D is increased. It reaches the
accuracy of the normal FC2 when D = 16. Even for the D = 2
MPO-Net, which has only 1024 parameters, about 200 times
less than the original FC2, the test accuracy is already very
good. This shows that the linear transformations in FC2 are
very local and can indeed be effectively represented by MPOs.
The compression ratio of MPO-Net decreases with increasing
D. But even for D = 16, the compression ratio is still below
8%, which indicates that the number of parameters to be
trained can be significantly reduced without any accuracy loss.
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FIG. 2. Performance of the MPO representations in FC2 on
MNIST. The solid straight line denotes the test accuracy obtained
by the normal FC2, 98.35% ± 0.2%, and the dashed straight lines
are plotted to indicate its error bar.

2. LeNet-5

We further test MPO-Net with the famous LeNet-5 net-
work [2], which is the first instance of convolutional neural
networks. LeNet-5 has five linear layers. Among them, the last
convolutional layer and the two fully connected layers contain
the most parameters. We represent these three layers by three
MPOs, which are structured as M2,5,6,2

2,10,10,2(4), M2,3,7,2
2,5,6,2 (4), and

M1,5,2,1
2,3,7,2 (2), respectively. The compression ratio is ρ ∼ 0.05.
Table I shows the results obtained with the original and

MPO representations of LeNet-5. We find that the test ac-
curacy of LeNet-5 can be faithfully reproduced by MPO-
Net. Since LeNet-5 is the first and prototypical convolutional
neural network, this success gives us confidence in using the
MPO presentation in deeper neural networks.

B. CIFAR-10 data set

CIFAR-10 is a more complex data set [58]. It consists of
50 000 images for training and 10 000 images for testing. Each
image is a square of 32 × 32 RGB pixels. All the images
in this data set are divided into ten classes corresponding to
airplane, automobile, ship, truck, bird, cat, deer, dog, frog, and
horse, respectively. To have a good classification accuracy,
deeper neural networks with many convolutional layers are
used. To show the effectiveness of MPO representation, as a
preliminary test, we use MPOs only on the fully connected

TABLE I. Test accuracy a and compression ratios ρ obtained in
the original and MPO representations of LeNet-5 on MNIST and
VGG on CIFAR-10.

Original Rep MPO-Net

Data set Network a (%) a (%) ρ

MNIST LeNet-5 99.17 ± 0.04 99.17 ± 0.08 0.05
CIFAR-10 VGG-16 93.13 ± 0.39 93.76 ± 0.16 ∼0.0005

VGG-19 93.36 ± 0.26 93.80 ± 0.09 ∼0.0005
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