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Compressing quantum many-body states

Exact representation

⇡<latexit sha1_base64="GbxGgyirl5ll3dG/vsSepwk6xD0="></latexit>

Low-rank representation

Numerical experiment

parameter 
analysis

- Observables

···

<latexit sha1_base64="OVe/a4X6TWRjfb2mOh4hsODrlYQ="></latexit>{

<latexit sha1_base64="Yy+IMtwzRfv0hrdu6i6JhTcw3t8="></latexit>

- Critical properties

sampling

- Severe size scaling
- Polynomial cost- Exponential cost

- Scalability
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Compressing quantum many-body states

Data-driven
Feature extraction via experiment/synthetic data

Model-driven
Boosting analysis on well-defined models

- Exponential cost in naive way

Cramer et al., Nat.Comm (’10) Torlai et al., Nat. Phys. (’18)

e.g. Quantum tomography

E

ProcessPrepare Analyze

- Polynomial cost by fitting variational forms

e.g. Phase classification

<latexit sha1_base64="HfVXiDkLEdyieAjAcP0T+0G/C/M="></latexit>

| i

- Constructing “surrogate” order parameters
- One-shot classification from noisy data

Schindler et al., PRB (’17) Rem et al., Nat Phys. 15 (’19)

e.g. Variational calculation

- “Effective equation” in parameter space
- Key: variational principle and approximant
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Variational simulation
What is variational simulation?

Diagonalization

e.g. Ground state problem in quantum many-body systems

To solve some equation within parameter space, such that solution in Hilbert space is approximated

Imaginary-time evolution (ITE)

Exponential cost for  
exact solution

<latexit sha1_base64="7MpVYqNh2uYqdObbR12Gqf4L9cY="></latexit>

}
<latexit sha1_base64="KuZ0o0bzuO1i5o/wgnnxZh9ZfXg="></latexit>

H| GSi = EGS| GSi
<latexit sha1_base64="2JCKxYMSZpwL9s374nj3PAU8ROE="></latexit>

| GSi = lim
�!1

e��H | 0i
ke��H | 0ik

Approximate ITE by variational function  based on Trotterization:|Ψθ⟩

<latexit sha1_base64="6VBaZuy1sWpQjKpJoO1RFPgNc7Y="></latexit>

| ✓i

<latexit sha1_base64="LQNO/gMIkwMX61hz4KXqN+gEzoA="></latexit>

e��H | ✓i

Choose  that minimize distance 
(Polynomial cost)
δθ

<latexit sha1_base64="vDYhFG9dRUPvwSsCu6pfk0FKtE8="></latexit>

| ✓+�✓i
<latexit sha1_base64="y4gG7reOSfYguXmzqEXx9OmJLos="></latexit>

�✓ = argmin
�✓

�
F
�
e��⌧H | ✓i , | ✓+�✓i

��
<latexit sha1_base64="NMhs1Q2c/zYZVIrIgTXcS0YXy/k="></latexit>
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Variational simulation
What is variational simulation?

2. Choose GS approximant |Ψθ⟩1. Choose variational principle
e.g. Choose metric  for 

<latexit sha1_base64="wGWI0qNT7M9Wl+mmBStBu3kdu08="></latexit>

F

RVB state Laughlin state

Conventional ones are physics-motivated
→ “biased” search, requires deep physical knowledge

How to construct physics-agnostic variational function?

<latexit sha1_base64="6VBaZuy1sWpQjKpJoO1RFPgNc7Y="></latexit>

| ✓i

<latexit sha1_base64="LQNO/gMIkwMX61hz4KXqN+gEzoA="></latexit>

e��H | ✓i
<latexit sha1_base64="vDYhFG9dRUPvwSsCu6pfk0FKtE8="></latexit>

| ✓+�✓i
(for spin liquid) (for fractional QHE)

To solve some equation within parameter space, such that solution in Hilbert space is approximated

Key steps



▸ I. Neural-network quantum states
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Properties of neural-network quantum states

Finite-temperature simulations by DBM purification

▸ II. Beyond GS problems

Ground state problems

First-principles calculation in solid systems
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Requirements for unbiased variational ansatz

[1] Nearly exact for weakly correlated systems

Neural networks expected to satisfy all of them

Carleo&Troyer Science 355(’17) Sharir et al. PRL (’20) Yang et al. NeurIPS (’20)

[3] Ability to reflect physical constraints, i.e. symmetry
Torlai&Melko PRL (’18) Viejra etal., PRL (’20)

→ Ability to express large quantum entanglement
[2] Unbiased in terms of lattice/interaction geometry

Deng etal. PRX (’17) Levine etal. PRL (’19)

Freitag etal. PCCP (’15)

→ Large-scale benchmarks (GS problems without negative sign)

Three conditions, in my personal opinion:
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Neural networks as variational ansatz

e.g. Restricted Boltzmann machine (RBM)

- The complex amplitude for spins config σ = {σ1, σ2, . . . , σN}

“Boltzmann factor”

magnetic fieldinteraction

Wij : coupling 

2 {±1}

2 {±1}

�1 �2 �N

h1 hM

Restricted Boltzmann Machine

Hidden spins

Physical spins

<latexit sha1_base64="YjulNaXcskLw8y9azQgI0ntkTtU="></latexit>

h�| i = 1

Z

X

hj

e�E(�,h)

<latexit sha1_base64="mlioCZVedP0tqrRiW/CPdTUrssQ="></latexit>

E(�, h) =
X

ij

Wij�ihj + ai�i + bjhj

Carleo&Troyer Science 355(’17)

- Universal approximation theorem (complex func. version)
If we have  hidden spins ( : #physical spins),

arbitrary wave function  can be approximated with arbitrary accuracy.

O(2N) N
Ψ(σ)

Roux&Bengio (’08), Montufar&Ay (’11)

- One of the simplest/shallowest networks used from 80’s Smolensky (’86)
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1d transverse-field Ising model
80 spins, periodic boundary, 

h : field, alpha: (# of hidden neuron)

1d antiferro Heisenberg model
80 spins, periodic boundary

2d antiferro Heisenberg model
10x10 spins, periodic boundary

Carleo&Troyer Science 355(’17)VMC for low-dimensional quantum spin models

(#hidden)/(#visible)α :

State-of-the-art accuracy compared with tensor network methods (MPS, PEPS)
(Relative error: )ϵrel = |ERBM − EQMC | /EQMC

Solving ground state by variational Monte Carlo
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Properties of RBM quantum states
Efficient representation of entanglement

<latexit sha1_base64="eoUYfxszMlbSBDNJ5LxSt0xx58M="></latexit>

i
⇡

4

<latexit sha1_base64="eoUYfxszMlbSBDNJ5LxSt0xx58M="></latexit>

i
⇡

4

<latexit sha1_base64="aQbUpteLaHBQbbH2HWefC01zlzI="></latexit>

=
X

�

cosh(W1�1 +W2�2)|�1,�2i

=
X

�

cosh(i
⇡

4
�1 + i

⇡

4
�2)|�1,�2i

= | "#i � | #"i

1 2

e.g. Bell state

(Also capable of GHZ, W states)

Deng etal. PRX (’17)

<latexit sha1_base64="G2EFSwkVLfdqEhdajCSqCQBdZVs="></latexit>

= (| "#i � | #"i)14 ⌦ (| "#i � | #"i)25 ⌦ (| "#i � | #"i)36

e.g. Maximally entangled state for arbitrary bipartition

<latexit sha1_base64="eoUYfxszMlbSBDNJ5LxSt0xx58M="></latexit>

i
⇡

4

1 2 6・・・

Reduced density mat. is maximally mixed, and therefore
<latexit sha1_base64="Za1vF6RZaRuGI+pmxUHi1HxvZxM="></latexit>

SA
↵ : =

1

1� ↵
log[Tr(⇢↵A)]

=
N

2
log 2 Maximal value!

: Renyi entropy
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- No “figure of merit” known so far 
(cf. entanglement entropy for tensor networks)

Random RBM state

- EE(RBM) < Page value (average EE of Haar random)
Haar random states cannot be simulated efficiently 
Requires exponentially many parameters

von Neumann Entanglement scaling

destructive  
interference 

- Satisfies volume-law scaling in general
- destructive interference by adding hidden spins

Deng etal. PRX (’17)

Properties of RBM quantum states



15

Deep neural-network quantum states

Q. Are deep networks even more powerful? 

Input Output

�1

<latexit sha1_base64="tQBj+wB7jb0Lio53zrTpdwpcNVU="></latexit>

�2

<latexit sha1_base64="cWu/jQN01QhvewNVQ/oMaKedQ1I="></latexit>

 (�)

<latexit sha1_base64="EFZ51X9gg2OI4ApjXz5nvRvLs2g="></latexit>

e.g. Fully-connected neural-network

Sharir, Sashua, Carleo (’21)

Tensor nets contractable with polynomial cost can be  
efficiently approximated by deep NN

A. Yes! Sharir, Sashua, Carleo (’21)X.Gao&L.-M.Duan, Nat. Commun. (‘17)
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Deep neural-network quantum states

Q. Is deeper always the better?
Not necessarily in practical case.
Optimization seems to become more difficult

Ground state in 2d J1J2 Heisenberg model 
(J2/J1 = 0.5, 10x10)

Nomura&Imada (’20)

J2

J1



What’s next?

1. Develop qualitative understanding on ansatz

- What is the “figure of merit” that characterize NN representation?

- Is deeper really not better? Representability/trainability trade-off

17

2. Explore/demonstrate practical simulations

Neural Quantum Simulation

GS problem

Non-eq.

Finite-temp.

First principles

→ Gibbs states as purified Deep BM

→ First-principles calculation for solids
Nomura*, NY*, and Nori, arXiv:2103.04791

NY, Mizukami, and Nori, Commun. Phys. 4, 106 (2021).

→ Steady-states in open quantum system
NY&Hamazaki, Phys. Rev. B 99, 214306 (2019).



▸ I. Neural-network quantum states
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Properties of neural-network quantum states

Finite-temperature simulations by DBM purification

▸ II. Beyond GS problems

Ground state problems

First-principles calculation in solid systems
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Finite-temperature problems Y. Nomura*, NY*, and F. Nori, arXiv:2103.04791

Why finite-temperature?

- How to conquer the unsolved problems in strongly-correlated 2d systems (e.g. spin liquid, Fermi Hubbard)?
- tensor-networks → Mainly limited to 1d (MPS)
- DMFT → Exact in infinite-dim, not quantitative in 2d

- Neural nets → state-of-the-art for 2d GS problems

Purifying Gibbs states by DBM

…

…

…… dM0
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 physical σ :

：ancillaryσ′ 
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：deepd
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High-level protocol Y. Nomura*, NY*, and F. Nori, arXiv:2103.04791

Step (I) : Purify infinite-temperature state

…

… �0
N
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Infinite-temperature DBM
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h
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i
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Step (II) : Perform imaginary-time evolution

Method (I) : Exact representation of Trotter steps as DBM layer growth

Method (II) : Approximation by fixed-structure DBM
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Method (I): Exact Gibbs DBM

DBM representation of Suzuki-Trotter decomposition
- Consider Suzuki-Trotter decomposition, e.g., 

<latexit sha1_base64="BxMYFyobxmImGo4e8641f1Hi8GM="></latexit>

H = H1 +H2

- Find DBM that exactly encodes propagator
<latexit sha1_base64="McQ+PdpDMl4bEIChr1SgvobH/Ek="></latexit>

| 0

DBMi / e��⌧H⌫ | DBMi

,       where

…

… �0
N

<latexit sha1_base64="3SRCYqBsFNVjN0yec0vNKMCmApY="></latexit><latexit sha1_base64="3SRCYqBsFNVjN0yec0vNKMCmApY="></latexit><latexit sha1_base64="3SRCYqBsFNVjN0yec0vNKMCmApY="></latexit><latexit sha1_base64="3SRCYqBsFNVjN0yec0vNKMCmApY="></latexit>

�0
1

<latexit sha1_base64="+kd0UW+BaKQ89LOGaSYy6rKhJZk="></latexit><latexit sha1_base64="+kd0UW+BaKQ89LOGaSYy6rKhJZk="></latexit><latexit sha1_base64="+kd0UW+BaKQ89LOGaSYy6rKhJZk="></latexit><latexit sha1_base64="+kd0UW+BaKQ89LOGaSYy6rKhJZk="></latexit>

�0
2

<latexit sha1_base64="Ng9f5ipAbzTzDH1Ig8meARJSnBk="></latexit><latexit sha1_base64="Ng9f5ipAbzTzDH1Ig8meARJSnBk="></latexit><latexit sha1_base64="Ng9f5ipAbzTzDH1Ig8meARJSnBk="></latexit><latexit sha1_base64="Ng9f5ipAbzTzDH1Ig8meARJSnBk="></latexit>

h1
<latexit sha1_base64="RME3Nuk25b0G7blVt+UeJird/kY="></latexit><latexit sha1_base64="RME3Nuk25b0G7blVt+UeJird/kY="></latexit><latexit sha1_base64="RME3Nuk25b0G7blVt+UeJird/kY="></latexit><latexit sha1_base64="RME3Nuk25b0G7blVt+UeJird/kY="></latexit>

h2
<latexit sha1_base64="Igub6Na+vmYN5AnF4/CXHEHhnTA="></latexit><latexit sha1_base64="Igub6Na+vmYN5AnF4/CXHEHhnTA="></latexit><latexit sha1_base64="Igub6Na+vmYN5AnF4/CXHEHhnTA="></latexit><latexit sha1_base64="Igub6Na+vmYN5AnF4/CXHEHhnTA="></latexit>

…�1
<latexit sha1_base64="vABRjaOyoaXmhfFXNuhlsPBudZE="></latexit><latexit sha1_base64="vABRjaOyoaXmhfFXNuhlsPBudZE="></latexit><latexit sha1_base64="vABRjaOyoaXmhfFXNuhlsPBudZE="></latexit><latexit sha1_base64="vABRjaOyoaXmhfFXNuhlsPBudZE="></latexit>

�2
<latexit sha1_base64="hfUrZ01o1AA7Pof1LAZWW9CipVM="></latexit><latexit sha1_base64="hfUrZ01o1AA7Pof1LAZWW9CipVM="></latexit><latexit sha1_base64="hfUrZ01o1AA7Pof1LAZWW9CipVM="></latexit><latexit sha1_base64="hfUrZ01o1AA7Pof1LAZWW9CipVM="></latexit>

�N
<latexit sha1_base64="g9Yr2e2OYQwicDi2LsYDk+LGaBc="></latexit><latexit sha1_base64="g9Yr2e2OYQwicDi2LsYDk+LGaBc="></latexit><latexit sha1_base64="g9Yr2e2OYQwicDi2LsYDk+LGaBc="></latexit><latexit sha1_base64="g9Yr2e2OYQwicDi2LsYDk+LGaBc="></latexit>

<latexit sha1_base64="3MlRTeVnQOdEhTBcmU/fmqCDfOI="></latexit>

hN

Infinite-temp. DBM

e.g. Transverse-field Ising model
<latexit sha1_base64="YG0BNa3I4VAI0Hn4mo+pxDTHYys="></latexit>

H1 =
X

l<m

Jlm�z
l �

z
m H2 =

X

l

�l�
x
l

<latexit sha1_base64="QEdU46/sE3XBBTvItkDrjonllbM="></latexit><latexit sha1_base64="QEdU46/sE3XBBTvItkDrjonllbM="></latexit><latexit sha1_base64="QEdU46/sE3XBBTvItkDrjonllbM="></latexit><latexit sha1_base64="QEdU46/sE3XBBTvItkDrjonllbM="></latexit>

| T=1i =
O

i

�
|"#0i+ |#"0i

�
ip

2
<latexit sha1_base64="uuO3MfJnQz7rB7OgWJU2RbkHQt0="></latexit><latexit sha1_base64="uuO3MfJnQz7rB7OgWJU2RbkHQt0="></latexit><latexit sha1_base64="uuO3MfJnQz7rB7OgWJU2RbkHQt0="></latexit><latexit sha1_base64="uuO3MfJnQz7rB7OgWJU2RbkHQt0="></latexit>

| T i :=
⇣⇥

e��⌧H2e��⌧H1
⇤N⌧ ⌦ 10

⌘
| T=1i

<latexit sha1_base64="KGO7GMI/eE+8eQhl48A2qeHcq6s="></latexit><latexit sha1_base64="KGO7GMI/eE+8eQhl48A2qeHcq6s="></latexit><latexit sha1_base64="KGO7GMI/eE+8eQhl48A2qeHcq6s="></latexit><latexit sha1_base64="KGO7GMI/eE+8eQhl48A2qeHcq6s="></latexit>

Y. Nomura*, NY*, and F. Nori, arXiv:2103.04791

<latexit sha1_base64="6b5hSYCJufukoBtwKMKLwOKCwM8="></latexit>

e��⌧H1

Add hidden spin

…

… �N
<latexit sha1_base64="g9Yr2e2OYQwicDi2LsYDk+LGaBc="></latexit><latexit sha1_base64="g9Yr2e2OYQwicDi2LsYDk+LGaBc="></latexit><latexit sha1_base64="g9Yr2e2OYQwicDi2LsYDk+LGaBc="></latexit><latexit sha1_base64="g9Yr2e2OYQwicDi2LsYDk+LGaBc="></latexit>

<latexit sha1_base64="3MlRTeVnQOdEhTBcmU/fmqCDfOI="></latexit>

hNh1
<latexit sha1_base64="RME3Nuk25b0G7blVt+UeJird/kY="></latexit><latexit sha1_base64="RME3Nuk25b0G7blVt+UeJird/kY="></latexit><latexit sha1_base64="RME3Nuk25b0G7blVt+UeJird/kY="></latexit><latexit sha1_base64="RME3Nuk25b0G7blVt+UeJird/kY="></latexit>

h2
<latexit sha1_base64="Igub6Na+vmYN5AnF4/CXHEHhnTA="></latexit><latexit sha1_base64="Igub6Na+vmYN5AnF4/CXHEHhnTA="></latexit><latexit sha1_base64="Igub6Na+vmYN5AnF4/CXHEHhnTA="></latexit><latexit sha1_base64="Igub6Na+vmYN5AnF4/CXHEHhnTA="></latexit>

… �0
N

<latexit sha1_base64="3SRCYqBsFNVjN0yec0vNKMCmApY="></latexit><latexit sha1_base64="3SRCYqBsFNVjN0yec0vNKMCmApY="></latexit><latexit sha1_base64="3SRCYqBsFNVjN0yec0vNKMCmApY="></latexit><latexit sha1_base64="3SRCYqBsFNVjN0yec0vNKMCmApY="></latexit>

�0
1

<latexit sha1_base64="+kd0UW+BaKQ89LOGaSYy6rKhJZk="></latexit><latexit sha1_base64="+kd0UW+BaKQ89LOGaSYy6rKhJZk="></latexit><latexit sha1_base64="+kd0UW+BaKQ89LOGaSYy6rKhJZk="></latexit><latexit sha1_base64="+kd0UW+BaKQ89LOGaSYy6rKhJZk="></latexit>

�0
2

<latexit sha1_base64="Ng9f5ipAbzTzDH1Ig8meARJSnBk="></latexit><latexit sha1_base64="Ng9f5ipAbzTzDH1Ig8meARJSnBk="></latexit><latexit sha1_base64="Ng9f5ipAbzTzDH1Ig8meARJSnBk="></latexit><latexit sha1_base64="Ng9f5ipAbzTzDH1Ig8meARJSnBk="></latexit>

�1
<latexit sha1_base64="vABRjaOyoaXmhfFXNuhlsPBudZE="></latexit><latexit sha1_base64="vABRjaOyoaXmhfFXNuhlsPBudZE="></latexit><latexit sha1_base64="vABRjaOyoaXmhfFXNuhlsPBudZE="></latexit><latexit sha1_base64="vABRjaOyoaXmhfFXNuhlsPBudZE="></latexit>

�2
<latexit sha1_base64="hfUrZ01o1AA7Pof1LAZWW9CipVM="></latexit><latexit sha1_base64="hfUrZ01o1AA7Pof1LAZWW9CipVM="></latexit><latexit sha1_base64="hfUrZ01o1AA7Pof1LAZWW9CipVM="></latexit><latexit sha1_base64="hfUrZ01o1AA7Pof1LAZWW9CipVM="></latexit>

<latexit sha1_base64="m5nr2YlLH+oZR9HBOu8+PjaXj4U="></latexit>

h̄1,2

<latexit sha1_base64="aD1LCzFcMXPJ7WEKgQXmNabJGg4="></latexit>

h̄2,3

<latexit sha1_base64="49V7dgNzlPbShmhEDOv5hMzZzqU="></latexit>

e��⌧H2

…

… �0
N

<latexit sha1_base64="3SRCYqBsFNVjN0yec0vNKMCmApY="></latexit><latexit sha1_base64="3SRCYqBsFNVjN0yec0vNKMCmApY="></latexit><latexit sha1_base64="3SRCYqBsFNVjN0yec0vNKMCmApY="></latexit><latexit sha1_base64="3SRCYqBsFNVjN0yec0vNKMCmApY="></latexit>

…

<latexit sha1_base64="3MlRTeVnQOdEhTBcmU/fmqCDfOI="></latexit>

hNh1
<latexit sha1_base64="RME3Nuk25b0G7blVt+UeJird/kY="></latexit><latexit sha1_base64="RME3Nuk25b0G7blVt+UeJird/kY="></latexit><latexit sha1_base64="RME3Nuk25b0G7blVt+UeJird/kY="></latexit><latexit sha1_base64="RME3Nuk25b0G7blVt+UeJird/kY="></latexit>

h2
<latexit sha1_base64="Igub6Na+vmYN5AnF4/CXHEHhnTA="></latexit><latexit sha1_base64="Igub6Na+vmYN5AnF4/CXHEHhnTA="></latexit><latexit sha1_base64="Igub6Na+vmYN5AnF4/CXHEHhnTA="></latexit><latexit sha1_base64="Igub6Na+vmYN5AnF4/CXHEHhnTA="></latexit>

�0
1

<latexit sha1_base64="+kd0UW+BaKQ89LOGaSYy6rKhJZk="></latexit><latexit sha1_base64="+kd0UW+BaKQ89LOGaSYy6rKhJZk="></latexit><latexit sha1_base64="+kd0UW+BaKQ89LOGaSYy6rKhJZk="></latexit><latexit sha1_base64="+kd0UW+BaKQ89LOGaSYy6rKhJZk="></latexit>

�0
2

<latexit sha1_base64="Ng9f5ipAbzTzDH1Ig8meARJSnBk="></latexit><latexit sha1_base64="Ng9f5ipAbzTzDH1Ig8meARJSnBk="></latexit><latexit sha1_base64="Ng9f5ipAbzTzDH1Ig8meARJSnBk="></latexit><latexit sha1_base64="Ng9f5ipAbzTzDH1Ig8meARJSnBk="></latexit>

dM0
<latexit sha1_base64="9RKia+Noe37ngPe17Xpm+xvyAM8="></latexit><latexit sha1_base64="9RKia+Noe37ngPe17Xpm+xvyAM8="></latexit><latexit sha1_base64="9RKia+Noe37ngPe17Xpm+xvyAM8="></latexit><latexit sha1_base64="9RKia+Noe37ngPe17Xpm+xvyAM8="></latexit>

�N
<latexit sha1_base64="g9Yr2e2OYQwicDi2LsYDk+LGaBc="></latexit><latexit sha1_base64="g9Yr2e2OYQwicDi2LsYDk+LGaBc="></latexit><latexit sha1_base64="g9Yr2e2OYQwicDi2LsYDk+LGaBc="></latexit><latexit sha1_base64="g9Yr2e2OYQwicDi2LsYDk+LGaBc="></latexit>

�1
<latexit sha1_base64="vABRjaOyoaXmhfFXNuhlsPBudZE="></latexit><latexit sha1_base64="vABRjaOyoaXmhfFXNuhlsPBudZE="></latexit><latexit sha1_base64="vABRjaOyoaXmhfFXNuhlsPBudZE="></latexit><latexit sha1_base64="vABRjaOyoaXmhfFXNuhlsPBudZE="></latexit>

�2
<latexit sha1_base64="hfUrZ01o1AA7Pof1LAZWW9CipVM="></latexit><latexit sha1_base64="hfUrZ01o1AA7Pof1LAZWW9CipVM="></latexit><latexit sha1_base64="hfUrZ01o1AA7Pof1LAZWW9CipVM="></latexit><latexit sha1_base64="hfUrZ01o1AA7Pof1LAZWW9CipVM="></latexit>

<latexit sha1_base64="KCL/De72vqrgSIKxhXwYNO3nUWs="></latexit>

dNd1
<latexit sha1_base64="2oxvnk376P28F/CTrXNjqvxtvv0="></latexit><latexit sha1_base64="2oxvnk376P28F/CTrXNjqvxtvv0="></latexit><latexit sha1_base64="2oxvnk376P28F/CTrXNjqvxtvv0="></latexit><latexit sha1_base64="2oxvnk376P28F/CTrXNjqvxtvv0="></latexit>

d2
<latexit sha1_base64="QSnVlwytR7WrbA8hIM3dsHt8e9I="></latexit><latexit sha1_base64="QSnVlwytR7WrbA8hIM3dsHt8e9I="></latexit><latexit sha1_base64="QSnVlwytR7WrbA8hIM3dsHt8e9I="></latexit><latexit sha1_base64="QSnVlwytR7WrbA8hIM3dsHt8e9I="></latexit>

<latexit sha1_base64="m5nr2YlLH+oZR9HBOu8+PjaXj4U="></latexit>

h̄1,2

<latexit sha1_base64="aD1LCzFcMXPJ7WEKgQXmNabJGg4="></latexit>

h̄2,3

<latexit sha1_base64="zCEixoPo6CIE170fZjOze3k19aI="></latexit>

h(2)
1

<latexit sha1_base64="N5icJkfwaGafQEFJnKoRZNrDSIg="></latexit>

h(2)
2

<latexit sha1_base64="CF9h85ozRWjiCJDqfZBZGfXoOTg="></latexit>

h(2)
N
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Method (I): Exact Gibbs DBM

e.g. Transverse-field Ising model
<latexit sha1_base64="YG0BNa3I4VAI0Hn4mo+pxDTHYys="></latexit>

H1 =
X

l<m

Jlm�z
l �

z
m H2 =

X

l

�l�
x
l

<latexit sha1_base64="QEdU46/sE3XBBTvItkDrjonllbM="></latexit><latexit sha1_base64="QEdU46/sE3XBBTvItkDrjonllbM="></latexit><latexit sha1_base64="QEdU46/sE3XBBTvItkDrjonllbM="></latexit><latexit sha1_base64="QEdU46/sE3XBBTvItkDrjonllbM="></latexit>

Y. Nomura*, NY*, and F. Nori, arXiv:2103.04791

…

… �0
N

<latexit sha1_base64="3SRCYqBsFNVjN0yec0vNKMCmApY="></latexit><latexit sha1_base64="3SRCYqBsFNVjN0yec0vNKMCmApY="></latexit><latexit sha1_base64="3SRCYqBsFNVjN0yec0vNKMCmApY="></latexit><latexit sha1_base64="3SRCYqBsFNVjN0yec0vNKMCmApY="></latexit>

…

<latexit sha1_base64="3MlRTeVnQOdEhTBcmU/fmqCDfOI="></latexit>

hNh1
<latexit sha1_base64="RME3Nuk25b0G7blVt+UeJird/kY="></latexit><latexit sha1_base64="RME3Nuk25b0G7blVt+UeJird/kY="></latexit><latexit sha1_base64="RME3Nuk25b0G7blVt+UeJird/kY="></latexit><latexit sha1_base64="RME3Nuk25b0G7blVt+UeJird/kY="></latexit>

h2
<latexit sha1_base64="Igub6Na+vmYN5AnF4/CXHEHhnTA="></latexit><latexit sha1_base64="Igub6Na+vmYN5AnF4/CXHEHhnTA="></latexit><latexit sha1_base64="Igub6Na+vmYN5AnF4/CXHEHhnTA="></latexit><latexit sha1_base64="Igub6Na+vmYN5AnF4/CXHEHhnTA="></latexit>

�0
1

<latexit sha1_base64="+kd0UW+BaKQ89LOGaSYy6rKhJZk="></latexit><latexit sha1_base64="+kd0UW+BaKQ89LOGaSYy6rKhJZk="></latexit><latexit sha1_base64="+kd0UW+BaKQ89LOGaSYy6rKhJZk="></latexit><latexit sha1_base64="+kd0UW+BaKQ89LOGaSYy6rKhJZk="></latexit>

�0
2

<latexit sha1_base64="Ng9f5ipAbzTzDH1Ig8meARJSnBk="></latexit><latexit sha1_base64="Ng9f5ipAbzTzDH1Ig8meARJSnBk="></latexit><latexit sha1_base64="Ng9f5ipAbzTzDH1Ig8meARJSnBk="></latexit><latexit sha1_base64="Ng9f5ipAbzTzDH1Ig8meARJSnBk="></latexit>

dM0
<latexit sha1_base64="9RKia+Noe37ngPe17Xpm+xvyAM8="></latexit><latexit sha1_base64="9RKia+Noe37ngPe17Xpm+xvyAM8="></latexit><latexit sha1_base64="9RKia+Noe37ngPe17Xpm+xvyAM8="></latexit><latexit sha1_base64="9RKia+Noe37ngPe17Xpm+xvyAM8="></latexit>

�N
<latexit sha1_base64="g9Yr2e2OYQwicDi2LsYDk+LGaBc="></latexit><latexit sha1_base64="g9Yr2e2OYQwicDi2LsYDk+LGaBc="></latexit><latexit sha1_base64="g9Yr2e2OYQwicDi2LsYDk+LGaBc="></latexit><latexit sha1_base64="g9Yr2e2OYQwicDi2LsYDk+LGaBc="></latexit>

�1
<latexit sha1_base64="vABRjaOyoaXmhfFXNuhlsPBudZE="></latexit><latexit sha1_base64="vABRjaOyoaXmhfFXNuhlsPBudZE="></latexit><latexit sha1_base64="vABRjaOyoaXmhfFXNuhlsPBudZE="></latexit><latexit sha1_base64="vABRjaOyoaXmhfFXNuhlsPBudZE="></latexit>

�2
<latexit sha1_base64="hfUrZ01o1AA7Pof1LAZWW9CipVM="></latexit><latexit sha1_base64="hfUrZ01o1AA7Pof1LAZWW9CipVM="></latexit><latexit sha1_base64="hfUrZ01o1AA7Pof1LAZWW9CipVM="></latexit><latexit sha1_base64="hfUrZ01o1AA7Pof1LAZWW9CipVM="></latexit>

<latexit sha1_base64="KCL/De72vqrgSIKxhXwYNO3nUWs="></latexit>

dNd1
<latexit sha1_base64="2oxvnk376P28F/CTrXNjqvxtvv0="></latexit><latexit sha1_base64="2oxvnk376P28F/CTrXNjqvxtvv0="></latexit><latexit sha1_base64="2oxvnk376P28F/CTrXNjqvxtvv0="></latexit><latexit sha1_base64="2oxvnk376P28F/CTrXNjqvxtvv0="></latexit>

d2
<latexit sha1_base64="QSnVlwytR7WrbA8hIM3dsHt8e9I="></latexit><latexit sha1_base64="QSnVlwytR7WrbA8hIM3dsHt8e9I="></latexit><latexit sha1_base64="QSnVlwytR7WrbA8hIM3dsHt8e9I="></latexit><latexit sha1_base64="QSnVlwytR7WrbA8hIM3dsHt8e9I="></latexit>

<latexit sha1_base64="m5nr2YlLH+oZR9HBOu8+PjaXj4U="></latexit>

h̄1,2

<latexit sha1_base64="aD1LCzFcMXPJ7WEKgQXmNabJGg4="></latexit>

h̄2,3

<latexit sha1_base64="zCEixoPo6CIE170fZjOze3k19aI="></latexit>

h(2)
1

<latexit sha1_base64="N5icJkfwaGafQEFJnKoRZNrDSIg="></latexit>

h(2)
2

<latexit sha1_base64="CF9h85ozRWjiCJDqfZBZGfXoOTg="></latexit>

h(2)
N

…

… �0
N

<latexit sha1_base64="3SRCYqBsFNVjN0yec0vNKMCmApY="></latexit><latexit sha1_base64="3SRCYqBsFNVjN0yec0vNKMCmApY="></latexit><latexit sha1_base64="3SRCYqBsFNVjN0yec0vNKMCmApY="></latexit><latexit sha1_base64="3SRCYqBsFNVjN0yec0vNKMCmApY="></latexit>

…

<latexit sha1_base64="3MlRTeVnQOdEhTBcmU/fmqCDfOI="></latexit>

hNh1
<latexit sha1_base64="RME3Nuk25b0G7blVt+UeJird/kY="></latexit><latexit sha1_base64="RME3Nuk25b0G7blVt+UeJird/kY="></latexit><latexit sha1_base64="RME3Nuk25b0G7blVt+UeJird/kY="></latexit><latexit sha1_base64="RME3Nuk25b0G7blVt+UeJird/kY="></latexit>

h2
<latexit sha1_base64="Igub6Na+vmYN5AnF4/CXHEHhnTA="></latexit><latexit sha1_base64="Igub6Na+vmYN5AnF4/CXHEHhnTA="></latexit><latexit sha1_base64="Igub6Na+vmYN5AnF4/CXHEHhnTA="></latexit><latexit sha1_base64="Igub6Na+vmYN5AnF4/CXHEHhnTA="></latexit>

�0
1

<latexit sha1_base64="+kd0UW+BaKQ89LOGaSYy6rKhJZk="></latexit><latexit sha1_base64="+kd0UW+BaKQ89LOGaSYy6rKhJZk="></latexit><latexit sha1_base64="+kd0UW+BaKQ89LOGaSYy6rKhJZk="></latexit><latexit sha1_base64="+kd0UW+BaKQ89LOGaSYy6rKhJZk="></latexit>

�0
2

<latexit sha1_base64="Ng9f5ipAbzTzDH1Ig8meARJSnBk="></latexit><latexit sha1_base64="Ng9f5ipAbzTzDH1Ig8meARJSnBk="></latexit><latexit sha1_base64="Ng9f5ipAbzTzDH1Ig8meARJSnBk="></latexit><latexit sha1_base64="Ng9f5ipAbzTzDH1Ig8meARJSnBk="></latexit>

dM0
<latexit sha1_base64="9RKia+Noe37ngPe17Xpm+xvyAM8="></latexit><latexit sha1_base64="9RKia+Noe37ngPe17Xpm+xvyAM8="></latexit><latexit sha1_base64="9RKia+Noe37ngPe17Xpm+xvyAM8="></latexit><latexit sha1_base64="9RKia+Noe37ngPe17Xpm+xvyAM8="></latexit>

�N
<latexit sha1_base64="g9Yr2e2OYQwicDi2LsYDk+LGaBc="></latexit><latexit sha1_base64="g9Yr2e2OYQwicDi2LsYDk+LGaBc="></latexit><latexit sha1_base64="g9Yr2e2OYQwicDi2LsYDk+LGaBc="></latexit><latexit sha1_base64="g9Yr2e2OYQwicDi2LsYDk+LGaBc="></latexit>

�1
<latexit sha1_base64="vABRjaOyoaXmhfFXNuhlsPBudZE="></latexit><latexit sha1_base64="vABRjaOyoaXmhfFXNuhlsPBudZE="></latexit><latexit sha1_base64="vABRjaOyoaXmhfFXNuhlsPBudZE="></latexit><latexit sha1_base64="vABRjaOyoaXmhfFXNuhlsPBudZE="></latexit>

�2
<latexit sha1_base64="hfUrZ01o1AA7Pof1LAZWW9CipVM="></latexit><latexit sha1_base64="hfUrZ01o1AA7Pof1LAZWW9CipVM="></latexit><latexit sha1_base64="hfUrZ01o1AA7Pof1LAZWW9CipVM="></latexit><latexit sha1_base64="hfUrZ01o1AA7Pof1LAZWW9CipVM="></latexit>

<latexit sha1_base64="KCL/De72vqrgSIKxhXwYNO3nUWs="></latexit>

dNd1
<latexit sha1_base64="2oxvnk376P28F/CTrXNjqvxtvv0="></latexit><latexit sha1_base64="2oxvnk376P28F/CTrXNjqvxtvv0="></latexit><latexit sha1_base64="2oxvnk376P28F/CTrXNjqvxtvv0="></latexit><latexit sha1_base64="2oxvnk376P28F/CTrXNjqvxtvv0="></latexit>

d2
<latexit sha1_base64="QSnVlwytR7WrbA8hIM3dsHt8e9I="></latexit><latexit sha1_base64="QSnVlwytR7WrbA8hIM3dsHt8e9I="></latexit><latexit sha1_base64="QSnVlwytR7WrbA8hIM3dsHt8e9I="></latexit><latexit sha1_base64="QSnVlwytR7WrbA8hIM3dsHt8e9I="></latexit>

<latexit sha1_base64="m5nr2YlLH+oZR9HBOu8+PjaXj4U="></latexit>

h̄1,2

<latexit sha1_base64="aD1LCzFcMXPJ7WEKgQXmNabJGg4="></latexit>

h̄2,3

…
<latexit sha1_base64="3MlRTeVnQOdEhTBcmU/fmqCDfOI="></latexit>

hNh1
<latexit sha1_base64="RME3Nuk25b0G7blVt+UeJird/kY="></latexit><latexit sha1_base64="RME3Nuk25b0G7blVt+UeJird/kY="></latexit><latexit sha1_base64="RME3Nuk25b0G7blVt+UeJird/kY="></latexit><latexit sha1_base64="RME3Nuk25b0G7blVt+UeJird/kY="></latexit>

h2
<latexit sha1_base64="Igub6Na+vmYN5AnF4/CXHEHhnTA="></latexit><latexit sha1_base64="Igub6Na+vmYN5AnF4/CXHEHhnTA="></latexit><latexit sha1_base64="Igub6Na+vmYN5AnF4/CXHEHhnTA="></latexit><latexit sha1_base64="Igub6Na+vmYN5AnF4/CXHEHhnTA="></latexit>

<latexit sha1_base64="m5nr2YlLH+oZR9HBOu8+PjaXj4U="></latexit>

h̄1,2

<latexit sha1_base64="aD1LCzFcMXPJ7WEKgQXmNabJGg4="></latexit>

h̄2,3

<latexit sha1_base64="6b5hSYCJufukoBtwKMKLwOKCwM8="></latexit>

e��⌧H1

…

… �0
N

<latexit sha1_base64="3SRCYqBsFNVjN0yec0vNKMCmApY="></latexit><latexit sha1_base64="3SRCYqBsFNVjN0yec0vNKMCmApY="></latexit><latexit sha1_base64="3SRCYqBsFNVjN0yec0vNKMCmApY="></latexit><latexit sha1_base64="3SRCYqBsFNVjN0yec0vNKMCmApY="></latexit>

…

<latexit sha1_base64="3MlRTeVnQOdEhTBcmU/fmqCDfOI="></latexit>

hNh1
<latexit sha1_base64="RME3Nuk25b0G7blVt+UeJird/kY="></latexit><latexit sha1_base64="RME3Nuk25b0G7blVt+UeJird/kY="></latexit><latexit sha1_base64="RME3Nuk25b0G7blVt+UeJird/kY="></latexit><latexit sha1_base64="RME3Nuk25b0G7blVt+UeJird/kY="></latexit>

h2
<latexit sha1_base64="Igub6Na+vmYN5AnF4/CXHEHhnTA="></latexit><latexit sha1_base64="Igub6Na+vmYN5AnF4/CXHEHhnTA="></latexit><latexit sha1_base64="Igub6Na+vmYN5AnF4/CXHEHhnTA="></latexit><latexit sha1_base64="Igub6Na+vmYN5AnF4/CXHEHhnTA="></latexit>

�0
1

<latexit sha1_base64="+kd0UW+BaKQ89LOGaSYy6rKhJZk="></latexit><latexit sha1_base64="+kd0UW+BaKQ89LOGaSYy6rKhJZk="></latexit><latexit sha1_base64="+kd0UW+BaKQ89LOGaSYy6rKhJZk="></latexit><latexit sha1_base64="+kd0UW+BaKQ89LOGaSYy6rKhJZk="></latexit>

�0
2

<latexit sha1_base64="Ng9f5ipAbzTzDH1Ig8meARJSnBk="></latexit><latexit sha1_base64="Ng9f5ipAbzTzDH1Ig8meARJSnBk="></latexit><latexit sha1_base64="Ng9f5ipAbzTzDH1Ig8meARJSnBk="></latexit><latexit sha1_base64="Ng9f5ipAbzTzDH1Ig8meARJSnBk="></latexit>

dM0
<latexit sha1_base64="9RKia+Noe37ngPe17Xpm+xvyAM8="></latexit><latexit sha1_base64="9RKia+Noe37ngPe17Xpm+xvyAM8="></latexit><latexit sha1_base64="9RKia+Noe37ngPe17Xpm+xvyAM8="></latexit><latexit sha1_base64="9RKia+Noe37ngPe17Xpm+xvyAM8="></latexit>

<latexit sha1_base64="KCL/De72vqrgSIKxhXwYNO3nUWs="></latexit>

dNd1
<latexit sha1_base64="2oxvnk376P28F/CTrXNjqvxtvv0="></latexit><latexit sha1_base64="2oxvnk376P28F/CTrXNjqvxtvv0="></latexit><latexit sha1_base64="2oxvnk376P28F/CTrXNjqvxtvv0="></latexit><latexit sha1_base64="2oxvnk376P28F/CTrXNjqvxtvv0="></latexit>

d2
<latexit sha1_base64="QSnVlwytR7WrbA8hIM3dsHt8e9I="></latexit><latexit sha1_base64="QSnVlwytR7WrbA8hIM3dsHt8e9I="></latexit><latexit sha1_base64="QSnVlwytR7WrbA8hIM3dsHt8e9I="></latexit><latexit sha1_base64="QSnVlwytR7WrbA8hIM3dsHt8e9I="></latexit>

<latexit sha1_base64="m5nr2YlLH+oZR9HBOu8+PjaXj4U="></latexit>

h̄1,2

<latexit sha1_base64="aD1LCzFcMXPJ7WEKgQXmNabJGg4="></latexit>

h̄2,3

…
<latexit sha1_base64="3MlRTeVnQOdEhTBcmU/fmqCDfOI="></latexit>

hNh1
<latexit sha1_base64="RME3Nuk25b0G7blVt+UeJird/kY="></latexit><latexit sha1_base64="RME3Nuk25b0G7blVt+UeJird/kY="></latexit><latexit sha1_base64="RME3Nuk25b0G7blVt+UeJird/kY="></latexit><latexit sha1_base64="RME3Nuk25b0G7blVt+UeJird/kY="></latexit>

h2
<latexit sha1_base64="Igub6Na+vmYN5AnF4/CXHEHhnTA="></latexit><latexit sha1_base64="Igub6Na+vmYN5AnF4/CXHEHhnTA="></latexit><latexit sha1_base64="Igub6Na+vmYN5AnF4/CXHEHhnTA="></latexit><latexit sha1_base64="Igub6Na+vmYN5AnF4/CXHEHhnTA="></latexit>

<latexit sha1_base64="m5nr2YlLH+oZR9HBOu8+PjaXj4U="></latexit>

h̄1,2

<latexit sha1_base64="aD1LCzFcMXPJ7WEKgQXmNabJGg4="></latexit>

h̄2,3

…dM0
<latexit sha1_base64="9RKia+Noe37ngPe17Xpm+xvyAM8="></latexit><latexit sha1_base64="9RKia+Noe37ngPe17Xpm+xvyAM8="></latexit><latexit sha1_base64="9RKia+Noe37ngPe17Xpm+xvyAM8="></latexit><latexit sha1_base64="9RKia+Noe37ngPe17Xpm+xvyAM8="></latexit>

�N
<latexit sha1_base64="g9Yr2e2OYQwicDi2LsYDk+LGaBc="></latexit><latexit sha1_base64="g9Yr2e2OYQwicDi2LsYDk+LGaBc="></latexit><latexit sha1_base64="g9Yr2e2OYQwicDi2LsYDk+LGaBc="></latexit><latexit sha1_base64="g9Yr2e2OYQwicDi2LsYDk+LGaBc="></latexit>

�1
<latexit sha1_base64="vABRjaOyoaXmhfFXNuhlsPBudZE="></latexit><latexit sha1_base64="vABRjaOyoaXmhfFXNuhlsPBudZE="></latexit><latexit sha1_base64="vABRjaOyoaXmhfFXNuhlsPBudZE="></latexit><latexit sha1_base64="vABRjaOyoaXmhfFXNuhlsPBudZE="></latexit>

�2
<latexit sha1_base64="hfUrZ01o1AA7Pof1LAZWW9CipVM="></latexit><latexit sha1_base64="hfUrZ01o1AA7Pof1LAZWW9CipVM="></latexit><latexit sha1_base64="hfUrZ01o1AA7Pof1LAZWW9CipVM="></latexit><latexit sha1_base64="hfUrZ01o1AA7Pof1LAZWW9CipVM="></latexit>

<latexit sha1_base64="KCL/De72vqrgSIKxhXwYNO3nUWs="></latexit>

dNd1
<latexit sha1_base64="2oxvnk376P28F/CTrXNjqvxtvv0="></latexit><latexit sha1_base64="2oxvnk376P28F/CTrXNjqvxtvv0="></latexit><latexit sha1_base64="2oxvnk376P28F/CTrXNjqvxtvv0="></latexit><latexit sha1_base64="2oxvnk376P28F/CTrXNjqvxtvv0="></latexit>

d2
<latexit sha1_base64="QSnVlwytR7WrbA8hIM3dsHt8e9I="></latexit><latexit sha1_base64="QSnVlwytR7WrbA8hIM3dsHt8e9I="></latexit><latexit sha1_base64="QSnVlwytR7WrbA8hIM3dsHt8e9I="></latexit><latexit sha1_base64="QSnVlwytR7WrbA8hIM3dsHt8e9I="></latexit>

<latexit sha1_base64="zCEixoPo6CIE170fZjOze3k19aI="></latexit>

h(2)
1

<latexit sha1_base64="N5icJkfwaGafQEFJnKoRZNrDSIg="></latexit>

h(2)
2

<latexit sha1_base64="CF9h85ozRWjiCJDqfZBZGfXoOTg="></latexit>

h(2)
N

<latexit sha1_base64="49V7dgNzlPbShmhEDOv5hMzZzqU="></latexit>

e��⌧H2
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Method (I): Exact Gibbs DBM

e.g. Transverse-field Ising model
<latexit sha1_base64="YG0BNa3I4VAI0Hn4mo+pxDTHYys="></latexit>

H1 =
X

l<m

Jlm�z
l �

z
m H2 =

X

l

�l�
x
l

<latexit sha1_base64="QEdU46/sE3XBBTvItkDrjonllbM="></latexit><latexit sha1_base64="QEdU46/sE3XBBTvItkDrjonllbM="></latexit><latexit sha1_base64="QEdU46/sE3XBBTvItkDrjonllbM="></latexit><latexit sha1_base64="QEdU46/sE3XBBTvItkDrjonllbM="></latexit>

Y. Nomura*, NY*, and F. Nori, arXiv:2103.04791

…

… �0
N

<latexit sha1_base64="3SRCYqBsFNVjN0yec0vNKMCmApY="></latexit><latexit sha1_base64="3SRCYqBsFNVjN0yec0vNKMCmApY="></latexit><latexit sha1_base64="3SRCYqBsFNVjN0yec0vNKMCmApY="></latexit><latexit sha1_base64="3SRCYqBsFNVjN0yec0vNKMCmApY="></latexit>

…

�0
1

<latexit sha1_base64="+kd0UW+BaKQ89LOGaSYy6rKhJZk="></latexit><latexit sha1_base64="+kd0UW+BaKQ89LOGaSYy6rKhJZk="></latexit><latexit sha1_base64="+kd0UW+BaKQ89LOGaSYy6rKhJZk="></latexit><latexit sha1_base64="+kd0UW+BaKQ89LOGaSYy6rKhJZk="></latexit>

�0
2

<latexit sha1_base64="Ng9f5ipAbzTzDH1Ig8meARJSnBk="></latexit><latexit sha1_base64="Ng9f5ipAbzTzDH1Ig8meARJSnBk="></latexit><latexit sha1_base64="Ng9f5ipAbzTzDH1Ig8meARJSnBk="></latexit><latexit sha1_base64="Ng9f5ipAbzTzDH1Ig8meARJSnBk="></latexit>

dM0
<latexit sha1_base64="9RKia+Noe37ngPe17Xpm+xvyAM8="></latexit><latexit sha1_base64="9RKia+Noe37ngPe17Xpm+xvyAM8="></latexit><latexit sha1_base64="9RKia+Noe37ngPe17Xpm+xvyAM8="></latexit><latexit sha1_base64="9RKia+Noe37ngPe17Xpm+xvyAM8="></latexit>

�N
<latexit sha1_base64="g9Yr2e2OYQwicDi2LsYDk+LGaBc="></latexit><latexit sha1_base64="g9Yr2e2OYQwicDi2LsYDk+LGaBc="></latexit><latexit sha1_base64="g9Yr2e2OYQwicDi2LsYDk+LGaBc="></latexit><latexit sha1_base64="g9Yr2e2OYQwicDi2LsYDk+LGaBc="></latexit>

�1
<latexit sha1_base64="vABRjaOyoaXmhfFXNuhlsPBudZE="></latexit><latexit sha1_base64="vABRjaOyoaXmhfFXNuhlsPBudZE="></latexit><latexit sha1_base64="vABRjaOyoaXmhfFXNuhlsPBudZE="></latexit><latexit sha1_base64="vABRjaOyoaXmhfFXNuhlsPBudZE="></latexit>

�2
<latexit sha1_base64="hfUrZ01o1AA7Pof1LAZWW9CipVM="></latexit><latexit sha1_base64="hfUrZ01o1AA7Pof1LAZWW9CipVM="></latexit><latexit sha1_base64="hfUrZ01o1AA7Pof1LAZWW9CipVM="></latexit><latexit sha1_base64="hfUrZ01o1AA7Pof1LAZWW9CipVM="></latexit>

…

…dM0
<latexit sha1_base64="9RKia+Noe37ngPe17Xpm+xvyAM8="></latexit><latexit sha1_base64="9RKia+Noe37ngPe17Xpm+xvyAM8="></latexit><latexit sha1_base64="9RKia+Noe37ngPe17Xpm+xvyAM8="></latexit><latexit sha1_base64="9RKia+Noe37ngPe17Xpm+xvyAM8="></latexit>

…

…

<latexit sha1_base64="AQqle2UGAMO34/VE2ZYnvRGCFAo="></latexit>

�

<latexit sha1_base64="zCEixoPo6CIE170fZjOze3k19aI="></latexit>

h(2)
1

<latexit sha1_base64="Be7xK3srYH+qJj1fEEkUYaaPAaI="></latexit>

d
<latexit sha1_base64="Be7xK3srYH+qJj1fEEkUYaaPAaI="></latexit>

d
<latexit sha1_base64="Be7xK3srYH+qJj1fEEkUYaaPAaI="></latexit>

d

<latexit sha1_base64="kBwvYoh1Rtd22eRTHcRJwbYPkHM="></latexit>

h
<latexit sha1_base64="tKe2G752f35EHQ614KIfqWKDiVc="></latexit>

h̄
<latexit sha1_base64="kBwvYoh1Rtd22eRTHcRJwbYPkHM="></latexit>

h
<latexit sha1_base64="tKe2G752f35EHQ614KIfqWKDiVc="></latexit>

h̄
<latexit sha1_base64="kBwvYoh1Rtd22eRTHcRJwbYPkHM="></latexit>

h

<latexit sha1_base64="kBwvYoh1Rtd22eRTHcRJwbYPkHM="></latexit>

h
<latexit sha1_base64="tKe2G752f35EHQ614KIfqWKDiVc="></latexit>

h̄
<latexit sha1_base64="kBwvYoh1Rtd22eRTHcRJwbYPkHM="></latexit>

h
<latexit sha1_base64="tKe2G752f35EHQ614KIfqWKDiVc="></latexit>

h̄
<latexit sha1_base64="kBwvYoh1Rtd22eRTHcRJwbYPkHM="></latexit>

h

<latexit sha1_base64="Be7xK3srYH+qJj1fEEkUYaaPAaI="></latexit>

d
<latexit sha1_base64="Be7xK3srYH+qJj1fEEkUYaaPAaI="></latexit>

d
<latexit sha1_base64="Be7xK3srYH+qJj1fEEkUYaaPAaI="></latexit>

d

<latexit sha1_base64="kBwvYoh1Rtd22eRTHcRJwbYPkHM="></latexit>

h
<latexit sha1_base64="kBwvYoh1Rtd22eRTHcRJwbYPkHM="></latexit>

h
<latexit sha1_base64="kBwvYoh1Rtd22eRTHcRJwbYPkHM="></latexit>

h

DBM-based calculation for 1D TFI (16 sites)
symbols: DBM     solid curves: ED

Path-integral formalism for certain class of Hamiltonian completely mapped into DBM
(Cannot not avoid negative sign problem)
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Method (II): Approximate Gibbs DBM

DBM wave function without d spins

…

…

… �0
N

<latexit sha1_base64="QsXf1ipPjJGx/F/O8Y+WtvqhhZE="></latexit><latexit sha1_base64="QsXf1ipPjJGx/F/O8Y+WtvqhhZE="></latexit><latexit sha1_base64="QsXf1ipPjJGx/F/O8Y+WtvqhhZE="></latexit><latexit sha1_base64="QsXf1ipPjJGx/F/O8Y+WtvqhhZE="></latexit>

�0
1

<latexit sha1_base64="5qe38tm1TIukrQEolRuHkxHfY4Y="></latexit><latexit sha1_base64="5qe38tm1TIukrQEolRuHkxHfY4Y="></latexit><latexit sha1_base64="5qe38tm1TIukrQEolRuHkxHfY4Y="></latexit><latexit sha1_base64="5qe38tm1TIukrQEolRuHkxHfY4Y="></latexit>

�0
2

<latexit sha1_base64="M4ykC8KE+otofYC5jK3CCMgw3dQ="></latexit><latexit sha1_base64="M4ykC8KE+otofYC5jK3CCMgw3dQ="></latexit><latexit sha1_base64="M4ykC8KE+otofYC5jK3CCMgw3dQ="></latexit><latexit sha1_base64="M4ykC8KE+otofYC5jK3CCMgw3dQ="></latexit>

�2
<latexit sha1_base64="MOj0b593i4d3Zu62OGy19r/cfxI="></latexit><latexit sha1_base64="MOj0b593i4d3Zu62OGy19r/cfxI="></latexit><latexit sha1_base64="MOj0b593i4d3Zu62OGy19r/cfxI="></latexit><latexit sha1_base64="MOj0b593i4d3Zu62OGy19r/cfxI="></latexit>

�1
<latexit sha1_base64="wfUMsIEjDz+6gKLu+Aa5wab6ExI="></latexit><latexit sha1_base64="wfUMsIEjDz+6gKLu+Aa5wab6ExI="></latexit><latexit sha1_base64="wfUMsIEjDz+6gKLu+Aa5wab6ExI="></latexit><latexit sha1_base64="wfUMsIEjDz+6gKLu+Aa5wab6ExI="></latexit>

�N
<latexit sha1_base64="VETmeNG9s1dGOXBA1h1Dku2oEkw="></latexit><latexit sha1_base64="VETmeNG9s1dGOXBA1h1Dku2oEkw="></latexit><latexit sha1_base64="VETmeNG9s1dGOXBA1h1Dku2oEkw="></latexit><latexit sha1_base64="VETmeNG9s1dGOXBA1h1Dku2oEkw="></latexit>

hM
<latexit sha1_base64="xjZw70dzhBvlMJQHTJCdyj8n8zk="></latexit><latexit sha1_base64="xjZw70dzhBvlMJQHTJCdyj8n8zk="></latexit><latexit sha1_base64="xjZw70dzhBvlMJQHTJCdyj8n8zk="></latexit><latexit sha1_base64="xjZw70dzhBvlMJQHTJCdyj8n8zk="></latexit>

h1
<latexit sha1_base64="44BhsYRns2Ez3NOpJghtIjhSdmw="></latexit><latexit sha1_base64="44BhsYRns2Ez3NOpJghtIjhSdmw="></latexit><latexit sha1_base64="44BhsYRns2Ez3NOpJghtIjhSdmw="></latexit><latexit sha1_base64="44BhsYRns2Ez3NOpJghtIjhSdmw="></latexit>

h2
<latexit sha1_base64="k8EwEfcd9EDn46nQu0mHWr2jzkg="></latexit><latexit sha1_base64="k8EwEfcd9EDn46nQu0mHWr2jzkg="></latexit><latexit sha1_base64="k8EwEfcd9EDn46nQu0mHWr2jzkg="></latexit><latexit sha1_base64="k8EwEfcd9EDn46nQu0mHWr2jzkg="></latexit>

h3
<latexit sha1_base64="tJh5Y4EOy0khgpdHA8GfC+C5xxw="></latexit><latexit sha1_base64="tJh5Y4EOy0khgpdHA8GfC+C5xxw="></latexit><latexit sha1_base64="tJh5Y4EOy0khgpdHA8GfC+C5xxw="></latexit><latexit sha1_base64="tJh5Y4EOy0khgpdHA8GfC+C5xxw="></latexit>

…

…

…… dM0
<latexit sha1_base64="9RKia+Noe37ngPe17Xpm+xvyAM8="></latexit><latexit sha1_base64="9RKia+Noe37ngPe17Xpm+xvyAM8="></latexit><latexit sha1_base64="9RKia+Noe37ngPe17Xpm+xvyAM8="></latexit><latexit sha1_base64="9RKia+Noe37ngPe17Xpm+xvyAM8="></latexit>

�0
N

<latexit sha1_base64="3SRCYqBsFNVjN0yec0vNKMCmApY="></latexit><latexit sha1_base64="3SRCYqBsFNVjN0yec0vNKMCmApY="></latexit><latexit sha1_base64="3SRCYqBsFNVjN0yec0vNKMCmApY="></latexit><latexit sha1_base64="3SRCYqBsFNVjN0yec0vNKMCmApY="></latexit>

�0
1

<latexit sha1_base64="+kd0UW+BaKQ89LOGaSYy6rKhJZk="></latexit><latexit sha1_base64="+kd0UW+BaKQ89LOGaSYy6rKhJZk="></latexit><latexit sha1_base64="+kd0UW+BaKQ89LOGaSYy6rKhJZk="></latexit><latexit sha1_base64="+kd0UW+BaKQ89LOGaSYy6rKhJZk="></latexit>
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Y. Nomura*, NY*, and F. Nori, arXiv:2103.04791

- Stochastic reconfiguration: use of Fubini-Study metic
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F : Fubini-Study metric

 : quantum Fisher matrixS
: generalized forceg

Estimated by MC sampling

network 
parameter

Approximate imaginary-time evolution
Sorella, PRB (‘01)
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Method (II): Approximate Gibbs DBM

6x6 lattice, total Sz=0

J2

J1

Demonstration in 2d J1-J2 Heisenberg model 
symbols: Method(II)     solid curves: Method(I) (J2=0), TPQ (J2=0.5)

Quantum spin liquid in GS?

Y. Nomura*, NY*, and F. Nori, arXiv:2103.04791

- Excellent match with TPQ (J2=0.5) , also with QMC at J2=0

-  observed as computational scalingO(NhN2)
where :#sites,  : (#hidden spins)N Nh

- Strongly advancing NN-calculations for exploring exotic physics
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Ab-initio calculation methods for electronic structure

{

<latexit sha1_base64="cg0hK924sD/BmEpfULMW9SV2mvY="></latexit>

Not variational
Only weak correlation assumed

Problems of gold-standard methods
Neural  

Networks?

Choo, Mezzacapo, Carleo, Nat. Commun. (’20)
Pfau et al., Phys. Rev. Research (’20)Hermann, Schaetzle, Noe, Nat. Chem. (’20)

Peng-Jian et al., arXiv (’19)

Yoshioka, Mizukami, & Nori, Commun. Phys. 4, 106 (2021).

Small molecules:

Formal 
complexityO(N3)
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N6
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N !
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HF

MP2 CCSD

CCSD(T)

ED
Accuracy

DFT

…N7
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Coupled-cluster  
singles and doubles2nd-order  

perturbation

CCSD + perturbation

Too costly to scale up
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N5

 (#spin-orbitals)N :
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Electronic structure calculation
1. Determine lattice geometry

HQC = �1

2

X

i

r2
i �

X

i,A

ZA

|ri �RA|
+
X

i<j

1

|ri � rj |
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First-quantized HamiltonianFix atomic coordinates (energy scale separation)

2. Derive second quantized Hamiltonian
HQC =

X

pq

X

k

h
k
pqa

†
pkaqk +

X

pqrs

0X

kpkqkrks

h
kpkqkrks
pqrs a

†
pkp

a
†
qkq

arkrasks
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1-body term

2-body term

- Optimize the finite basis set , solve HF equation{ϕk,p}
- All-to-all interacting fermonic Hubbard Hamiltonian

3. GS calculation by VMC

(4. Band structure as quasi-particle excitation)
- Construct truncated Hilbert space , where  is 1-particle excitationℋ = Span{Oμ |ΨGS⟩} Oμ

：Excited-state Hamiltonian

：Overlap between nonorthogonal basis

eigenvalueseigenvec
H

0
C = SCE
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H 0
µ⌫ =

⌦
 ✓|O†

µHO⌫ | ✓

↵
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Sµ⌫ = h ✓|O†
µO⌫ | ✓i

: encoding into RBM state

NY, Mizukami, & Nori, Commun. Phys. 4, 106 (2021).
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Ground states in solid-systems

(a)

(b)

Ground-state simulation

RBM & ED

(a)

(b)

e.g. hydrogen chain (metal-to-Mott transition)

- Demonstration in 1, 2, 3d systems

(ED)

Hartree-Fock

2nd pert.

- Both in weakly/strongly-correlated region

Yoshioka, Mizukami, & Nori, Commun. Phys. 4, 106 (2021).

RBM

CCSD(T)

ED
& CCSD

e.g. graphene (weakly correlated)

(ED)
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Band-structure simulation

Bands in trans-polyacetylene (C2H2)n

(c)

(b)

(a) (c)

(b)

(a)

- Valence/conduction bands within chemical acc.

- Worse for higher excitation due to insufficient QSE dim.
(cf. 2h-1e or 2e-1h for CCSD, CCSD(T))

- First multiple excited-states simulation in NN ever

Yoshioka, Mizukami, & Nori, Commun. Phys. 4, 106 (2021).
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Summary

Neural network as quantum many-body states

Novel algorithms beyond GS problems

1. Gibbs states as purified DBM

- Ansatz for physics-agnostic simulation

- Benchmarks in 200+ qubits, capable of volume-law entanglement

2. Ab-initio calculation of GS/band structure in solids

…

… �0
N
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�
Nomura*, NY*, Nori, arXiv:2103.04791

- Exact mapping of Trotterized ITE using quantum-to-classical mapping

- Approximation by variational simulation

- Applicable to strongly-correlated regime, where “gold-standard” methods fail

- Band structure from multiple quasiparticle excitations

NY, Mizukami, & Nori, Commun. Phys. 4, 106 (2021).


