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Background & Mo2va2on



Motivation of the field theory on a lattice

✔ The field theory (FT) is a fundamental tool to describe the high-energy physics

→We usually consider (would like to solve) the path integral of a theory

✔ Once we consider the FT on a laHce, we can regard the path integral just as a 
mulJple integral 

Numerical approaches give us chances to understand non-perturbative physics
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Standard numerical approach for FT on a la>ce

✔Monte Carlo (MC) simulaJon (StochasJc numerical approach)

→ based on the probabilisJc interpretaJon of the given Boltzmann weight 

・Sign problem (there are regimes where the MC does not work)

・Fermions (the Grassmann numbers) must be integrated out in advance

→ faces a serious difficulty when 𝑃 ∼ e!"[$] takes negative or complex value
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Research Motivation

✔ There are many systems suffering from the sign problem

QCD at finite density / real-Jme evoluJon / SUSY / …

✔ Many unrevealed aspects must be remained

→ Thermodynamic limit (or zero-temperature limit) is almost inaccessible 
w/ the standard MC approach   

✔ We need a numerical methodology which can give us an insight 
for these aspects
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We would like to consider the TRG approach from these perspec>ves



Advantages of the TRG approach

✔ Tensor renormalizaJon group (TRG) is a determinisJc numerical method  
based on the idea of the real-space renormalizaJon group

・No sign problem
・The computa>onal cost scales logarithmically w. r. t. the system size
・Direct evalua>on of the Grassmann integrals
・Direct evalua>on of the path integral

✔ Applicability to the higher-dimensional systems

TRG is a kind of tensor-network method and the applicaJon of the TRG to 
the higher-dimensional systems has recently made remarkable progress
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Lagrangian (TRG) approach: Meurice+, arXiv:2010.06539, SA+, arXiv:2111:04240

Hamiltonian (TNS) approach:  Bañuls-Cichy, Rep. Prog. Phys. 83(2020)024401



Cf. Tensor network & Machine Learning
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Tensor Network Machine Learning

Back propaga>on method 

Ex) A new way to accurately compute higher-order deriva9ves of the free energy
Liao+, PRX9(2019)031041

Matrix Product State (MPS)
Tensor Network State (TNS)

Ex) Supervised image classifica9on of the MNIST handwriBen digits 

Stoudenmire-Schwab, Advances in Neural Information Processing Systems 29(2016)4799

Martyn+, arXiv:2007.06082[quant-ph]



Introduction to the TRG approach



Tensor renormaliza2on group approach

Procedure of the TRG

1) Write down the target funcJon 𝑋 defined on laHce as a tensor contracJon 
(tensor network)

ex. ParJJon funcJon, Path integral, …

2) Approximately perform the tensor contracJon with a TRG 

𝑋 → Σ()*+⋯𝑇(,-⋯𝑇)./⋯𝑇*01⋯𝑇+23⋯⋯

≈ Σ(!)!*!+!⋯𝑇4(!,!-!⋯𝑇4)!.!/!⋯𝑇4*!0!1!⋯𝑇4+!2!3!⋯⋯
2) TRG : Block-spin trans. for 𝑇 to reduce # of tensors in TN  

1) TN representation for 𝑿 : # of tensors in TN = (# of lattice sites)
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TN rep. for 2d Ising model w/ PBC

𝑍 = Σ{"#±%}Π',)exp 𝛽𝐽𝜎'𝜎'*+)

Decompose nearest-neighbor interac9ons

exp 𝛽𝐽𝜎!𝜎!"#$ =)
%!

𝜆%!𝑈 𝜎! , 𝑙! 𝜆%!𝑈 𝜎!"#$ , 𝑙! =)
%!

𝑊 𝜎! , 𝑙! 𝑊 𝜎!"#$ , 𝑙!

𝑍 = Tr Π'𝑇,&-&,&' -&'

𝑥!𝑥!$
𝑦!

𝑦!$

7𝑥

7𝑦

𝑇(!)!(!" )!" specifies the details of the model 
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𝑇(!)!(!" )!" ≔ )
*!+±-

𝑊 𝜎! , 𝑥! 𝑊 𝜎! , 𝑦! 𝑊 𝜎! , 𝑥!. 𝑊 𝜎! , 𝑦!.
𝑥!" ≔ 𝑥!#%̂, 𝑦!" ≔ 𝑦!#&'

𝑛 𝑛 + 7𝑥𝑛 − 7𝑥

𝑛 + 7𝑦

𝑛 − 7𝑦
7𝑥

7𝑦

Real Space TN rep. for 𝑍

𝑇

𝑊 𝑎, 𝑏 ≔ 𝜆(𝑈(𝑎, 𝑏)



Basic concept of TRG algorithm

7𝑥

7𝑦

Information	compression	
w/	the	Singular	Value	Decomposition	(SVD)

𝐴./ = Σ0𝑈.0𝜎0𝑉/0 ≈ Σ0123 𝑈.0𝜎0𝑉/0

w/   𝜎2 ≥ 𝜎4 ≥ ⋯ ≥ 𝜎567 8,! ≥ 0

( 𝐴:𝑚×𝑛 matrix, 𝑈:𝑚×𝑚 unitary, 𝑉: 𝑛×𝑛 unitary )

Idea	of	real-space	renormalization	group
Iterate a simple transformation w/ approximation
and we can investigate thermodynamic properties

TRG employs the SVD to reduce d. o. f. 
and perform the tensor contracFon approximately

+
→

We cannot perform the contrac4ons 
in TN rep. exactly ( too many d. o. f. ) 
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Higher-order TRG (= TRG w/ isometry insertion)

(B)

(C)

(A)

HOSVD

ContractionIteration

𝑫: bond dimension
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𝑈 𝑈9

SequenWal coarse-graining 
along with each direcWon

7𝑥

7𝑦

# of tensors are reduced to half

Xie et al, PRB86(2012)045139

✔ Applicable to any 𝑑-dimensional laIce

Maximal size of tensors in the TRG 
algorithm is characterized by 𝐷



Anisotropic TRG ( = TRG w/ indirect SVD )

(B)(A)

(C)

ContractionIteration

SVD
&

HOSVD

✔ Applicable to any 𝑑-dimensional laIce    

✔ Accuracy with the fixed computa9onal 9me is improved compared with 
the HOTRG, which is a conven9onal algorithm to the higher-dimensional systems

Adachi-Okubo-Todo, PRB102(2020)054432

# of tensors are reduced to half

10/29

𝑇:;:";" ≈ ∑.123 𝐴:;.𝐵:";".

ATRG considers the block-spin transforma8on within 
lower-rank tensors ( Memory: 𝑂 𝐷#$ → 𝑂 𝐷$%& )

7𝑥

7𝑦
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11/29

Comparison of three types of TRG 
w/ 𝐷 = 24 HOTRG calculation

HOTRG & ATRG improve the accuracy of the original (LN-)TRG at the same 𝐷
The exact solu9on is well reproduced
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2d ATRG 2d HOTRG LN-TRG

Memory 𝑂 𝐷< 𝑂(𝐷=) 𝑂(𝐷=)
Time 𝑂(𝐷>) 𝑂(𝐷?) 𝑂(𝐷@)

𝛽 = 𝛽1

RelaJve error vs execuJon Jme

Benchmarking w/ 2d Ising model (2/2)
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Example: 3d Ising model w/ HOTRG
Xie et al, PRB86(2012)045139

Good agreement with
the Monte Carlo results 

COARSE-GRAINING TENSOR RENORMALIZATION BY . . . PHYSICAL REVIEW B 86, 045139 (2012)
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FIG. 7. (Color online) Graphical representation for the determi-
nation of the bond density matrix ρ(n)

zw,xy from the environment tensor
E

(n+2)
lrf bud in three dimensions.

the Monte Carlo result.27 Our result for the specific heat agrees
with the Monte Carlo one. At the critical temperature, Tc =
4.511544, the internal energy is found to be Uc = −0.995592
for D = 14. This value of Uc, as shown in Table I, also agrees
well with other published data.

From the temperature dependence of the specific heat
around the critical point, one can estimate the critical exponent
of the specific heat with the formula,

C ∼ t−α, (16)

where t = |1 − T/Tc|. However, as the specific heat data are
obtained simply from the numerical derivative of the internal
energy, the accuracy of the specific heat data is much less than
that of the internal energy, especially around the critical point.
This causes a big error in the determination of the exponent α
with the above formula. This problem can be solved by directly
evaluating this exponent from the temperature dependence of
the internal energy. From the temperature integration of the
specific heat, it is simple to show that the internal energy
should exhibit the following critical behavior:

U = Uc + at + bt1−α, (17)

FIG. 8. (Color online) The internal energy and the specific heat
for the 3D Ising model obtained by the HOTRG with D = 14.
The Monte Carlo result (black curve) obtained from an empirical
fit formula given in Ref. 27 is shown for comparison.

TABLE I. Comparison of the internal energy at the critical
temperature Uc for the 3D Ising model obtained by different methods.

Method Uc

HOTRG (D = 16) − 0.990842(3)
Series expansion30 − 0.991(1)
Series expansion31 − 0.9902(1)
Series expansion32 − 0.99218(15)
Monte Carlo27 − 0.990604(4)
Monte Carlo33 − 0.9904(8)
Monte Carlo34 − 0.990(4)

where a and b are unknown parameters which can be
determined by fitting.

Figure 9 shows the fitting curves for the internal energy
around the critical point obtained with Eq. (17). The critical
exponent is found to be α = 0.1023 and 0.1137 for the tem-
perature higher and lower than the critical value, respectively.
These values of the critical exponent are consistent with the
result obtained from the series expansion,28 0.104, and the
Monte Carlo calculation,29 0.111.

Figure 10 shows the temperature dependence of the sponta-
neous magnetization M obtained by the HOTRG with D = 14.
Our data agree well with the Monte Carlo results.35 From the
singular behavior of M , we find that the critical temperature
Tc = 4.511615 for D = 14. Furthermore, by fitting the data of
M in the critical regime with the formula,

M ∼ tγ , (18)

we find that the exponent γ = 0.3295, consistent with the
Monte Carlo29 (0.3262) and series expansion36 (0.3265)
results.

Figure 11 shows the critical temperature Tc determined
from the singular points of the internal energy as well as the
magnetization for D up to 16. The values of Tc obtained from
these two quantities agree with each other. For D = 16, Tc

obtained from the internal energy and the magnetization are
4.511544 and 4.511546, respectively. The relative difference
is less than 10−6. But Tc does not vary monotonically with

FIG. 9. (Color online) The internal energy (D = 14) and its fitting
curves with Eq. (17) around the critical point for the 3D Ising model.
α is the critical exponent for the specific heat.

045139-5

Critical point
𝐷 = 14
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Current status of TRG in the higher-dimensional systems
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Algorithm Cost Applications to 3d Applications to 4d

HOTRG
Xie et al, 

PRB86(2012)045139
𝐷=AB2ln𝐿

Ising Xie+, 
Potts model Wang+,

free Wilson fermion Sakai+,
ℤ4 gauge theory

Dittirich+, Kuramashi-Yoshimura

○Ising model SA+,
Staggered fermion 

w/strongly coupled U(N) 
Milde+

Anisotropic TRG 
(ATRG)

Adachi-Okubo-Todo, 
PRB102(2020)054432

𝐷4AC2ln𝐿

Ising model Adachi+,
SU(2) gauge Kuwahara-Tsuchiya,

○Real 𝜙= theory SA+,
○Hubbard model SA-Kuramashi

○ℤ4 gauge-Higgs 
SA-Kuramashi

○Complex 𝜙= theory SA+,
○NJL model SA+,

○Real 𝜙= theory SA+
○ℤ4 gauge-Higgs

SA-Kuramashi

Triad RG
Kadoh-Nakayama, 
arXiv:1912.02414

𝐷AC<ln𝐿

Ising model Kadoh-Nakayama,
O(2) model Bloch+, 

ℤ< (extended) clock model Bloch+
Potts models Raghav G. Jha

-

𝐷: bond dimension, 𝐿: linear system size, 𝑑: spacetime dimension



Application to (3+1)d QFTs on a lattice

S. A., Y. Kuramashi, T. Yamashita and Y. Yoshimura, JHEP01(2021)121

S. A., D. Kadoh, Y. Kuramashi, T. Yamashita and Y. Yoshimura, JHEP09(2020)177

S. A. and Y. Kuramashi, JHEP05(2022)102

(3+1)d complex 𝜙l theory at finite density 

(3+1)d Nambu—Jona-Lasinio model at finite density 

(3+1)d ℤm gauge-Higgs model If time allows… 

✔ Efficiency of the TRG in the scalar theory w/ the sign problem

✔ DiscreJzaJon (RegularizaJon) of the conJnuous bosonic dof

✔ Efficiency of the TRG in the fermion theory w/ the sign problem

✔We can directly manipulate the Grassmann integral w/ the TRG

✔ Efficiency of the TRG in the higher-dimensional LGT



Applica2on to (3+1)d QFTs on a la>ce

S. A., Y. Kuramashi, T. Yamashita and Y. Yoshimura, JHEP01(2021)121

S. A., D. Kadoh, Y. Kuramashi, T. Yamashita and Y. Yoshimura, JHEP09(2020)177

S. A. and Y. Kuramashi, JHEP05(2022)102

(3+1)d complex 𝜙l theory at finite density 

(3+1)d Nambu—Jona-Lasinio model at finite density 

(3+1)d ℤm gauge-Higgs model If 9me allows… 

✔ Efficiency of the TRG in the scalar theory w/ the sign problem

✔ DiscreJzaJon (RegularizaJon) of the conJnuous bosonic dof

✔ Efficiency of the TRG in the fermion theory w/ the sign problem

✔We can directly manipulate the Grassmann integral w/ the TRG

✔ Efficiency of the TRG in the higher-dimensional LGT



Complex 𝜙! theory at finite density

✔ a typical system with the sign problem 

✔ the Silver Blaze phenomenon 

→ thermodynamic observables at zero temperature are independent of 𝜇 up to 𝜇D

・Complex Langevin method 
Aarts, PRL102(2009)131601

・Thimble approach 
Cristofore[ et al, PRD88(2013)051501
Fujii et al, JHEP10(2013)147

・World-line representa9on
Gacringer-Kloiber, NPB869(2013)56-73

✔ a testbed for the methods intended to overcome the sign problem
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Discretization of the bosonic dof

ConFnuous
d. o. f.

Discrete
d. o. f. Quadrature rule

𝑟' ∈ [0,∞] 𝛼' ∈ ℤ Gauss-Laguerre : ∫2
3d𝑟' e45&𝑓 𝑟' ≈ ∑6&#2

7 𝑤6&𝑓(𝑟6&)

𝑠' ∈ [−1,1] 𝛽' ∈ ℤ Gauss-Legendre:         ∫4%
% d𝑠'𝑓 𝑠' ≈ ∑8&#2

7 𝑢8&𝑓(𝑠8&)

✔ Employing the Gauss quadrature rule, we regularize (discre9ze) 𝜙! ∈ ℂ to obtain TN rep.

✔ Typical system w/ the sign problem at finite chemical poten9al 𝜇

𝑆 = Σ!∈#![−ΣE12
A eFG',!𝜙!∗𝜙!CE + eBFG',!𝜙!𝜙!CE∗ + 2𝑑 +𝑚4 𝜙! 4 + 𝜆 𝜙! =]

Polar-coordinate descrip9on: 𝜙! = 𝑟!e6IJ)
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𝐷 = 45
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with 𝑚 = 0.1, 𝜆 = 1, 𝜇 = 0.6, 𝐿 = 1024

li\le 𝐾 dependence beyond 𝐾 ∼ 30 converging around 𝐷 ∼ 40

Polynomial order 
in the Gauss quadrature Bond dimension in the ATRG
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Silver Blaze Phenomenon at finite density
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ResulJng 𝑛 is qualitaJvely not bad even in the region with e)* +, ∼ 0.

𝑛 stays around 0 up to 𝜇 ≈ 0.65 and shows the rapid increase with 𝜇 ≳ 0.65.
→ This is a typical feature of the Silver Blaze phenomenon
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𝜙 3 : a discussion of the validity of numerical results

Mean-field esFmaFon

4 sinh- .9
:;

-
= 𝑚- + 4𝜆 𝜙 -

./0
Aarts, JHEP05(2009)052

↓

𝝁𝒄𝐌𝐅 ≈ 𝟎. 𝟕𝟎

with 𝑚 = 0.1, 𝜆 = 1, 𝐾 = 64, 𝐷 = 45

𝝓 𝟐 ≈ 𝟎. 𝟏𝟐𝟓 over 0 ≲ 𝜇 ≲ 0.6

Location of 𝝁𝒄 in the current ATRG calculations seems reasonable
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Applica2on to (3+1)d QFTs on a la>ce

S. A., Y. Kuramashi, T. Yamashita and Y. Yoshimura, JHEP01(2021)121

S. A., D. Kadoh, Y. Kuramashi, T. Yamashita and Y. Yoshimura, JHEP09(2020)177

S. A. and Y. Kuramashi, JHEP05(2022)102

(3+1)d complex 𝜙l theory at finite density 

(3+1)d Nambu—Jona-Lasinio model at finite density 

(3+1)d ℤm gauge-Higgs model If time allows… 

✔ Efficiency of the TRG in the scalar theory w/ the sign problem

✔ DiscreJzaJon (RegularizaJon) of the conJnuous bosonic dof

✔ Efficiency of the TRG in the fermion theory w/ the sign problem

✔We can directly manipulate the Grassmann integral w/ the TRG

✔ Efficiency of the TRG in the higher-dimensional LGT



Expected phase diagram of the NJL model

NambuーJona-Lasinio, PRD122(1961)345-358

✔ Effec>ve theory of QCD
𝑇

𝜇

1st

2nd CriJcal end point

E𝜓𝜓 ≠ 0 E𝜓𝜓 = 0

✔ Chiral restora>on is expected 
in cold & dense region

✔ Severe sign problem 
in cold & dense region

Asakawa-Yazaki, NPA504(1989)668-684

NambuーJona-Lasinio, PRD124(1961)246-254

We apply the Tensor RenormalizaJon Group (TRG) approach
to invesJgate the 1st order chiral phase transiJon in cold & dense region 
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NJL model at finite density

✔ w/ the Kogut-Susskind fermion
→ Single-component Grassmann variables w/o the Dirac structure
→ Staggered sign func9on 𝜂E 𝑛 = −1 !*C⋯C!'+* with 𝜂2 𝑛 = 1

✔ 𝜇 : chemical potenJal

𝑆LMN =
1
2𝑎

<Σ!∈#ΣE12= 𝜂E 𝑛 eFOG',,𝜒̅ 𝑛 𝜒 𝑛 + 𝜈̂ − eBFOG',,𝜒̅ 𝑛 + 𝜈̂ 𝜒 𝑛

+𝑚𝑎=Σ!∈#𝜒̅ 𝑛 𝜒 𝑛 − 𝑔P𝑎=Σ!∈#ΣE12= 𝜒̅ 𝑛 𝜒 𝑛 𝜒̅ 𝑛 + 𝜈̂ 𝜒 𝑛 + 𝜈̂

✔ ConJnuous chiral symmetry for vanishing 𝑚 :

𝜒 𝑛 → e)56 7 𝜒 𝑛 , 𝜒̅ 𝑛 → 𝜒̅ 𝑛 e)56 7

w/ 𝛼 ∈ ℝ and 𝜖 𝑛 = −1 7<87=87>87?

( This formulaWon follows Lee-Shrock, PRL59(1987)14 )
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Auxiliary fermion fields to derive the TN rep.
SA-Kadoh, JHEP10(2021)188

e9:𝝍𝒏𝝍𝒏A𝝁 = ∫ ∫ d𝜂̅7d𝜂7e!:<C<C exp − 𝐴W𝝍𝒏𝜂7 + 𝐴𝜂̅7𝝍𝒏8𝝁

Original 𝒁 TN rep for 𝒁

∫ over { �𝜓, 𝜓} ∫ with the weight eBQRR
over {𝜂̅, 𝜂}

Original Grassmann numbers are manifestly converted 
into the Grassmann numbers ( = auxiliary fermion fields)

Integrating out { E𝜓, 𝜓}

Decompose hopping structures via
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TN rep. for a simple fermionic model

𝑍 = ∫ d𝜓d ]𝜓 Π',)eD
EF&/#0F&*GEF&F&/#0 𝑍 = “Tr” Π'𝒯H1(')H2(')EH2(')EH1(')

e345!#$%5! = ∫ ∫ d𝜂̅$(𝑛)d𝜂$(𝑛)e647% (!)7%(!) exp − 𝐴 <𝜓!"#$𝜂̅$(𝑛) + 𝐴𝜂$(𝑛)𝜓!

e:45!5!#$% = ∫ ∫ d ̅𝜁$(𝑛)d𝜁$ (𝑛)e6
;<%(!)<%(!) exp 𝐵 <𝜓!𝜁$(𝑛) + 𝐵 ̅𝜁$(𝑛)𝜓!"#$

𝒯=&(!)='(!) 4='(!) 4=&(!)

≔ ∫ d𝜓!d <𝜓!Π$+(,)exp 𝐴𝜂$(𝑛)𝜓! + 𝐵 <𝜓!𝜁$(𝑛) + 𝐵 ̅𝜁$ 𝑛 − 𝜇̂ 𝜓! − 𝐴 <𝜓!𝜂̅$(𝑛 − 𝜇̂)
Ψ) 𝑛 = 𝜂)(𝑛), 𝜁)(𝑛) and EΨ) 𝑛 = 𝜂̅) 𝑛 − R𝜇 , ̅𝜁)(𝑛 − R𝜇)

“Tr” denotes the weighted Grassmann integrals 

Ψ:�Ψ:
Ψ;

�Ψ;

7𝑥

7𝑦

𝑛 𝑛 + 7𝑥𝑛 − 7𝑥

𝑛 + 7𝑦

𝑛 − 7𝑦
7𝑥

7𝑦

Real Space Tensor Network
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Correspondence btw tensors and the G tensors

G tensor is a multi-linear combination like  𝒯5?:?:5 = Σ@A@TAT𝑻𝒊𝒋𝒊T𝒋T𝛼@𝛽A𝛽̅A
T E𝛼@T

Tensor Grassmann tensor
index integer Grassmann number

contraction Σ@⋯ ∫ ∫ d𝜂̅d𝜂e!:<<⋯

Any TRG algorithm can be easily extended to inves>gate the Grassmann
path integral
(We can easily encode the Grassmann algebra in a coefficient tensor 𝑇@A@TAT) 

SA-Kadoh, JHEP10(2021)188, SA+, arXiv:2111:04240
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L = 128
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Heavy dense limit at T = 0
L = 128
L = 1024

Heavy dense limit as a benchmark
with 𝑚 = 10U, 𝑔2 = 32, 𝐷 = 30

GATRG well reproduces the analy>cal results, 
including the loca>on of 𝝁𝒄 = 𝐥𝐧 𝟐𝒎 = 𝟗. 𝟗𝟎𝟑

Number density Fermion condensate

cf. Powlowski-Zielinski, PRD87(2013)094509
This limit allows us to compare numerical results w/ exact analyJcal ones
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25 30 35 40 45 50 55
 D
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10-6

10-5

10-4
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10-2

d D

µ = 2.875
µ = 4.000

Converging behavior in bond dimension 
with 𝑚 = 0.01, 𝑔2 = 32, 𝐿 = 1024

𝛿V =
WX Y V 4WX Y(V#ZZ)

WX Y(V#ZZ)

𝛿D ≲ 10!E has been achieved up to 𝐷 = 55 at 𝜇 ≈ 𝜇F

26/29



0.0 1.0 2.0 3.0 4.0 5.0
µ

-0.02

0.00

0.02

0.04

0.06

0.08

0.10

<c-
c>

m = 0.01
m = 0.02

0.0 1.0 2.0 3.0 4.0 5.0
µ

-0.02

0.00

0.02

0.04

0.06

0.08

0.10

<c-
c>

L = 128
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Chiral condensate

Chiral symmetry is restored in the region with 𝝁 ≳ 𝟑. 𝟎
A discon>nuity at 𝝁 ≈ 𝟑. 𝟎 indicates the 1st order transi>on

with 𝑔2 = 32, 𝐷 = 55

𝑚 → 0𝐿 = 1024U
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L = 128
L = 1024

Ingredients of the equation of state

A sharp increase 
starting from 𝜇 ≈ 3.0

with 𝑚 = 0.01, 𝑔2 = 32, 𝐷 = 55

Pressure
( ∼ Thermodynamic potenJal ) Number density

A jump from 0 to 1

Chiral phase transition in cold & dense region is 1st order 
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Summary

• The TRG approach does not suffer from the sign problem and allows us 
to investigate the thermodynamic limit

• No difficulty to apply the approach to scalar and fermion fields on a 
lattice

• We made the first application of the TRG to (3+1)d QFTs on a lattice, 
including scalar, fermion, and gauge theories.

• Steady progress of the TRG approach has been made toward numerical 
research on the regimes which are inaccessible with the standard MC 
approach, even in higher dimensions

• How about a higher-dimensional gauge theory w/ fermionic matter, 
like QED?
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Applica2on to (3+1)d QFTs on a la>ce

S. A., Y. Kuramashi, T. Yamashita and Y. Yoshimura, JHEP01(2021)121

S. A., D. Kadoh, Y. Kuramashi, T. Yamashita and Y. Yoshimura, JHEP09(2020)177

S. A. and Y. Kuramashi, JHEP05(2022)102

(3+1)d complex 𝜙l theory at finite density 

(3+1)d Nambu—Jona-Lasinio model at finite density 

(3+1)d ℤm gauge-Higgs model If time allows… 

✔ Efficiency of the TRG in the scalar theory w/ the sign problem

✔ DiscreJzaJon (RegularizaJon) of the conJnuous bosonic dof

✔ Efficiency of the TRG in the fermion theory w/ the sign problem

✔We can directly manipulate the Grassmann integral w/ the TRG

✔ Efficiency of the TRG in the higher-dimensional LGT



ℤ𝟐 gauge-Higgs model in the unitary gauge
✔ Action of the (𝑑 + 1)-dimensional ℤ- gauge-Higgs model

𝑆 = −𝛽∑!∑EST𝑈E 𝑛 𝑈T 𝑛 + 𝜈̂ 𝑈E 𝑛 + 7𝜌 𝑈T 𝑛

✔ Choosing the unitary gauge, all the maUer fields are eliminated 

−𝜂∑!∑E eFG',!-*𝜎 𝑛 𝑈E 𝑛 𝜎 𝑛 + 𝜈̂ + eBFG',!-*𝜎 𝑛 𝑈E 𝑛 − 𝜈̂ 𝜎(𝑛 − 𝜈̂)

𝑈G 𝑛 (∈ ℤ𝟐): link variable (gauge field) 
𝜎 𝑛 ∈ ℤ𝟐 : ma\er field 

𝜎 𝑛 𝑈E 𝑛 𝜎 𝑛 + 𝜈̂ ↦ 𝑈E(𝑛)

𝑆 = −𝛽∑!∑EST𝑈E 𝑛 𝑈T 𝑛 + 𝜈̂ 𝑈E 𝑛 + 7𝜌 𝑈T 𝑛 − 2𝜂 ∑!∑E cosh 𝜇𝛿E,AC2 𝑈E(𝑛)

𝑛 𝑛 + 𝜈̂

𝑛 + J𝜌 𝑛 + 𝜈̂ + J𝜌

𝑈?(𝑛)

𝑈?(𝑛 + J𝜌)

𝑈@(𝑛 + 𝜈̂)𝑈@(𝑛)



Phase diagram of the (3+1)d ℤ𝟐-Higgs model

We investigate the phase diagram along the 
first-order line toward the critical endpoint.

𝜂

𝛽

Higgs 

Free Charge

Confinement

0 ∞

Critical endpoint 

Triple point 

𝐿 =
1

𝑑 + 1 𝑉
𝜕

𝜕(2𝜂) ln 𝑍

We evaluate the average link 𝑳 , whose gap 
vanishes at the criFcal endpoint.

1st order

2nd order

1st order
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(3+1)D model at vanishing density

Difference btw 𝐷 = 48 and 
𝐷 = 52 is about 0.057%

with 𝐷 ≤ 52, 𝜂* − 𝜂4 = 𝑂(104U)

Mean-field
Brezin-Drouffe, 

NPB200(1982)93
𝛽D , 𝜂D = (0.22, 0.205)

MC 
Creutz,

PRD21(1980)1006

𝛽D , 𝜂D
= (0.22(3), 0.24(2))

TRG w/ 𝐷 = 52
this work

𝛽D , 𝜂D
= (0.3051 2 , 0.1784(2))

Δ 𝐿 = 𝐵 𝜂A − 𝜂 B

Δ 𝐿 = 𝐴 𝛽 − 𝛽A C

Bond dimension
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Current status of the phase diagram near the CEP

Triple point 
by the MC

Pure-gauge 
transition

Creutz, PRD21(1980)1006

Balian-Drouffe-Itzykson, 
PRD11(1975)2098

It seems that TRG and MC share a similar first-order line at 𝜇 = 0
A devia9on about the loca9on of the CEP


