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Deep learning brought unprecedented empirical/engineering 
progress into many applications, including physics.  
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From “Reflections after refereeing papers for NIPS”, Leo Breiman, 1995. 
Still not answered! 



SAMPLE COMPLEXITY

Cifar10 - 50000 samples. 

How many samples are 
really needed? 

How many training samples are needed for a given task? Are we close 
to the minimum? If not, is it because of architectures or algorithms? 
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Take random iid Gaussian       , and random iid         from         

Create                                             

High-dimensional regime: 

TEACHER-STUDENT PERCEPTRON

Xμi w*i

yμ = sign(
d

∑
i=1

Xμiw*i )
Pw

d → ∞n → ∞
α ≡ n/d = Θ(1)
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Gardner, Derrida’89 1989

p dimensions                     
n samples 



Binary teacher-weights: 

1st order phase transition in the 
learning curve. 

↵GD = 1.245 ↵AT = 1.493
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Solved using the replica method in the high-dimensional limit 

w* ∈ {−1,1}d

α = n /d



↵GD = 1.245 ↵SST = 1.63



STATE-OF-THE-ART 
GENERALIZED LINEAR MODEL 

Best achievable generalisation error for the single-layer teacher-
student model for any activation function, any prior on weights.  

Regions of optimality of approximate message passing algorithm. 

Rigorous proof that the replica solution for the teacher-student 
model is correct. 

Barbier, Krzakala, Macris, Miolane, LZ, arXiv:1708.03395, COLT’18, PNAS’19 



BAYES-OPTIMAL GENERALIZATION 

 A new sample Xnew is given. Bayes-optimal prediction of 

a new label:

P(w |y, X) =
1

Z(y, X)

d

∏
i=1

Pw(wi)
n

∏
μ=1

Pout(yμ |Xμ ⋅ w)

̂ynew = 𝔼P(w|y,X) [φ(Xnew ⋅ w)]

Pout(yμ |Xμ ⋅ w) = δ(yμ − φ(Xμ ⋅ w))

Posterior probability distribution: 

where

 empirical risk minimization≠



REPLICA METHOD SOLUTION

Theorem 1: 

where

Def. “quenched” free energy: f = lim
d→∞

1
d

𝔼y,X log Z(y, X) α =
d
n

w, w0 ∼ Pw ρ = 𝔼Pw
(w2)

f = sup
m

inf
m̂

fRS(m, m̂)

fRS(m, m̂) = ΦPw
(m̂) + αΦPout

(m; ρ) −
mm̂
2

ΦPw
(m̂) ≡ 𝔼z,w0[ln 𝔼w(em̂ww0+ m̂wz−m̂w2/2)]

ΦPout
(m; ρ) ≡ 𝔼v,z[∫ dyPout(y | mv + ρ − mz)ln 𝔼ξ[Pout(y | mv + ρ − mξ)]]

z, v, ξ ∼ 𝒩(0,1)



Theorem 1: 
f = sup

m
inf
m̂

fRS(m, m̂)

Theorem 2: Optimal generalisation error 

Def. “quenched” free energy:

where m* is the extremizer of fRS.

⇠ ⇠ P⇠

f = lim
d→∞

1
d

𝔼y,X log Z(y, X) α =
d
n

ρ = 𝔼Pw
(w2)

fRS(m, m̂) = ΦPw
(m̂) + αΦPout

(m; ρ) −
mm̂
2

ℰtest = 𝔼v,ξ[φ( ρv)2] − 𝔼v,z,ξ[φ( m*v + ρ − m*z)]2

v, z ∼ 𝒩(0,1)

REPLICA METHOD SOLUTION



Simple to implement, only 
matrix multiplications, O(N2)



STATE EVOLUTION

Define:  

mt in the AMP algorithm evolves as: 

Recall the RS free energy

then  MSE(t) = ⇢�mt

m̂t = 2↵@m�Pout(m
t; ⇢)

mt ≡
1
d

d

∑
i=1

w*i at
i

fRS(m, m̂) = ΦPw
(m̂) + αΦPout

(m; ρ) −
mm̂
2

mt+1 = 2∂m̂ΦPw
(m̂t)

Bayati, Montanari’11, Bayati, Lelarge, Montanari’12, Javanmard, Montanari’13.



AMP-MSE given by the local maximum of the free entropy 
reached starting from small m/large MSE. 

MMSE is given by the global maximum of the free entropy.

BOTTOM LINE
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MMSE = ⇢� argmaxfRS(m)
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MSEAMP = ⇢�mAMP
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argmax fRS(m)

fRS(m) = infm̂fRS(m, m̂)
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fRS(m, m̂) = ΦPw
(m̂) + αΦPout

(m; ρ) −
mm̂
2



SPHERICAL PERCEPTRON
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d → ∞
n → ∞ n/d = Θ(1)

optimal 
AMP algorithm 

logistic regression

Pw = 𝒩(0,1)

# of samples per dimension n/d

yμ = sign(
d

∑
i=1

Xμiwi)



BAYES VS RISK MINIMISATION

So far: Bayes-optimal estimation = marginals of the 
posterior:  

More common: Empirical risk minimisation = 
minimisation of a loss function:

P(w |y, X) =
1

Z(y, X)

p

∏
i=1

Pw(wi)
n

∏
μ=1

Pout(yμ |Xμ ⋅ w)

minw[
n

∑
μ=1

ℓ(yμ, Xμ ⋅ w) + λ∥w∥2
2]

e.g. square loss , logistic loss ℓ(y, z) = (y − z)2 ℓ(y, z) = log2(1 + e−yz)
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Pw = 𝒩(0,1)

# of samples per dimension

yμ = sign(
d

∑
i=1

Xμiwi)
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Aubin, Lu, FK, LZ, 2006.06560

Optimally regularized logistic 
regression essentially Bayes-optimal 

BAYES VS RISK MINIMISATION
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optimal, achievable 
optimal 

AMP algorithm 
logistic regression

wi 2 {�1,+1}

n/d

d → ∞
n → ∞

yμ = sign(
d

∑
i=1

Xμiwi)

BINARY PERCEPTRON

αIT = 1.245

αAMP = 1.493

n/d = Θ(1)
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optimal, achievable 
optimal 

AMP algorithm 
logistic regression

wi 2 {�1,+1}

n/d

d → ∞
n → ∞

yμ = sign(
d

∑
i=1

Xμiwi)

BINARY PERCEPTRON

αIT = 1.245

αAMP = 1.493
hard

n/d = Θ(1)



PHYSICS VS LEARNING

liquid supercooled liquid ice

impossible computationally hard possible

impossible hard possible

p/n
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PHASE RETRIEVAL

hardbest achievable error
best known algorithm

α =
n
d

αIT = 1

αAMP = 1.13

# of samples needed for perfect generalisation for any algorithm. 

# of samples needed for perfect generalisation for approximate message 
passing algorithm (conjectured optimal among polynomial ones). 

yμ =
d

∑
i=1

Xμiw*i

w*i ∼ 𝒩(0,1)

Xμi, wi ∈ ℝ



Is this bringing us towards the theory of deep learning? 
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ADDING HIDDEN UNITS 

data
X

y
labels

w
v1 v2

weights

p input units

K hidden units

output unit

L=3 layers

n training samples

w learned, v1 & v2 fixed

Limit:  

Committee machine

Replica solution in Schwarze’92.  

d → ∞
n → ∞ α = n/d = Θ(1)

Aubin, Maillard, Barbier, Macris, Krzakala, LZ, NeurIPS’18, arXiv:1806.05451. 

K = Θ(1)



Technical contribution: 
Approximate message 
passing and proof of the 
replica formula.

2018



SPECIALISATION TRANSITION

Specialization phase transition 
= hidden units specialise to 
correlate with specific features. 

Consequence: Sharp threshold 
for number of samples below 
which linear regression is the 
best thing to do.  

K=2
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α
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0.8

1.0

O
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ap

q

AMP q00
AMP q01

SE q00
SE q01

SE εg(α)
AMP εg(α)

Specialization

yμ = sign[sign(∑
i

Xμ,iwi,1) + sign∑
i

(Xμ,iwi,2)]hidden units

Aubin, Maillard, Barbier, Macris, Krzakala, LZ, NeurIPS’18, arXiv:1806.05451. 



Large algorithmic gap: 

IT threshold:    

Algorithmic threshold  

K � 1
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yμ = sign[
K

∑
a=1

sign(∑
i

Xμ,iwi,a)]

n > 7.65Kd

n > const . K2d

COMPUTATIONAL GAP

0 2 4 6 8 10 12 14

α̃ = (# of samples)/(#hidden units× input size)
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Non-specialized
hidden units

Specialized
hidden units

Computational gap

Bayes optimal εg(α̃)
AMP εg(α̃)
Discontinuous specialization

hidden units

Aubin, Maillard, Barbier, Macris, Krzakala, LZ, NeurIPS’18, arXiv:1806.05451. 



OPEN PROBLEM
inputs

X

y
labelsw2 

weights

p # input units

k # hidden units

m # output units

2 layers

n training samples

w1  & w2  learned

Limit:  
p → ∞
n → ∞ n/p = Θ(1)

w1

k → ∞
m → ∞ k/p = Θ(1)

m/p = Θ(1)
 iid inputs X, iid teacher weights w1* and w2*, generate output y. 

Open question: Optimal generalisation error of the student network?  

No known (even heuristic) formula. 
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PHASE RETRIEVAL

hardbest achievable error
best known algorithm

α =
n
d

αIT = 1

αAMP = 1.13

# of samples needed for perfect generalisation for any algorithm. 

# of samples needed for perfect generalisation for approximate message 
passing algorithm (conjectured optimal among polynomial ones). 

yμ =
d

∑
i=1

Xμiw*i

w*i ∼ 𝒩(0,1)



GRADIENT DESCENT FOR PHASE RETRIEVAL 

ℒ({wi}p
i=1) =

n

∑
μ=1

[y2
μ − (

d

∑
i=1

Xμiwi)2]
2

yμ =
d

∑
i=1

Xμiw*i

Loss function: 

Initialisation:

Gradient flow: ·wi(t) = − ∂wi
ℒ({wj(t)}d

j=1) + μ(t)wi(t)

wi(0) ∼ 𝒩(0,1)

where

ensuring ∥w∥2
2 = d



GRADIENT DESCENT NUMERICALLY
Sarao Mannelli, Biroli, Cammarota, Krzakala, LZ, 2006.06997.  

N = d



α =
n
d

1 1.13

IT AMP

Chen, Chi, Fan, Ma’19

poly(log d)
Cai, Huang, Li, Wang’21

PERFORMANCE OF GRADIENT DESCENT

~7

GD numerics

?
Closing the gap between GD and AMP? 

C



OVER-PARAMETRISATION 
& 

GRADIENT DESCENT



GRADIENT DESCENT FOR PHASE RETRIEVAL 

ℒ({wia}d,m
i,a=1) =

n

∑
μ=1

[y2
μ −

1
m

m

∑
a=1

(
d

∑
i=1

Xμiwia)2]
2

yμ =
d

∑
i=1

Xμiw*i

Loss function: 

Initialisation:

Gradient flow: ·wia(t) = − ∂wia
ℒ({wjb(t)}d,m

j,b=1)
wia(0) ∼ 𝒩(0,1)

whereX
y

w

Wide (m>d) over-parametrised 
two-layer neural network 



OVER-PARAMETRISED LANDSPACE
Sarao Mannelli, Vanden-Eijnden, LZ, 2006.15459



GD FOR OVER-PARAMETRISED PHASE RETRIEVAL 
Sarao Mannelli, Vanden-Eijnden, LZ, 2006.15459



α =
n
d

1 1.13

IT AMP

PERFORMANCE OF GRADIENT DESCENT

~7

GD numerics

2

GD in an over-
parametrised network

Sarao Mannelli, Vanden-Eijnden, LZ, 2006.15459

Over-parametrised neural networks need fewer samples to learn 

Chen, Chi, Fan, Ma’19

poly(log d)
Cai, Huang, Li, Wang’21

C d



ANALYSIS OF GRADIENT-BASED ALGORITHM IN    
NON-CONVEX HIGH-DIMENSIONAL PROBLEMS

• Sarao Mannelli, Biroli, Cammarota, Krzakala, Urbani, LZ; Marvels and Pitfalls of the 
Langevin Algorithm in Noisy High-dimensional Inference; Phys. Rev. X’20, 
arXiv:1812.09066.  

• Sarao Mannelli, Krzakala, Urbani, LZ; Passed & Spurious: Descent Algorithms and Local 
Minima in Spiked Matrix-Tensor Models; ICML’19, arXiv:1902.00139.  

• Sarao Mannelli, Biroli, Cammarota, Krzakala, LZ; Who is Afraid of Big Bad Minima? 
Analysis of Gradient-Flow in a Spiked Matrix-Tensor Model; NeurIPS’19, 
arXiv:1907.08226.  

• Mignacco, Urbani, Krzakala, LZ; Dynamical mean-field theory for stochastic gradient 
descent in Gaussian mixture classification; NeurIPS’20, arXiv:2006.06098.  

• Sarao Mannelli, Biroli, Cammarota, Krzakala, Urbani, LZ; Complex Dynamics and Simple 
Neural Networks: Understanding Gradient Flow in Phase Retrieval, NeurIPS’20, 
arXiv:2006.06997.  

• Mignacco, Urbani, LZ; Stochasticity helps to navigate rough landscapes: comparing 
gradient-descent-based algorithms in the phase retrieval problem, MLST, 
arXiv:2103.04902. 
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GANs generated photos of people. 



Real input data lie of low-dimensional manifolds; they can be 
generated by GANs and VAEs with small input dimension. 

DATA ON MANIFOLDS



Real input data lie of low-dimensional manifolds; they can be 
generated by GANs and VAEs with small input dimension.  

Hidden manifold model (C random iid matrix, F generic). 

HIDDEN MANIFOLD MODEL

Xμ = f(FCμ) yμ = g(Cμ) Xμ ∈ ℝp Cμ ∈ ℝd F ∈ ℝp×d

p input & d latent dimension, p>d.  

Goldt, FK, Mézard, LZ; arXiv:1909.11500 



Hidden manifold model 

low-dimensional 
sub-space 

F



low-dimensional 
sub-space 

FC

point coordinates 

in sub-space

(dimension d)

Hidden manifold model 



low-dimensional 
sub-space 

FC

point coordinates 

in sub-space

(dimension d)

Key: The true labels depend only on 
the latent representation of the point!Y = g(C)

y=1

y=0

y=1

y=0

y=1

y=1

Hidden manifold model 



low-dimensional 
sub-space 

X = f(FC)

Key: The true labels depend only on 
the latent representation of the point!Y = g(C)

Data points

(dimension p)

Non-linear 
function

Hidden manifold model 

point coordinates 

in sub-space

(dimension d)



GAUSSIAN EQUIVALENCE

Xμ = f(FCμ) Xμ ∈ ℝp Cμ ∈ ℝd F ∈ ℝp×d

In the limit , while  and , 
generalisation error of the committee machine for 

p, n, d → ∞ n/p = Θ(1) d/p = Θ(1)

is the same as the one of  

Xμ = κ1FCμ + κ*𝒩(0,𝕀p) + κ0𝕀p

κ0 = 𝔼 [f(z)], κ1 ≡ 𝔼 [z f(z)], κ⋆ ≡ 𝔼 [f(z)2] − κ2
0 − κ2

1

yμ = g(Cμ)

yμ = g(Cμ)

Formally: Goldt, FK, Mézard, Reeves, LZ, arXiv:2006.14709



Consider the unique fixed point of the following system of equations
Solution:

Then in the high-dimensional limit:

Replica solution
̂Vs = α

γ κ2
1𝔼ξ,y [𝒵 (y, ω0)

∂ωη(y, ω1)
V ],

̂qs = α
γ κ2

1𝔼ξ,y 𝒵 (y, ω0) (η(y, ω1) − ω1)
2

V 2 ,

m̂s = α
γ κ1𝔼ξ,y [∂ω𝒵 (y, ω0)

(η(y, ω1) − ω1)

V ],

̂Vw = ακ2
⋆𝔼ξ,y [𝒵 (y, ω0)

∂ωη(y, ω1)
V ],

̂qw = ακ2
⋆𝔼ξ,y 𝒵 (y, ω0) (η(y, ω1) − ω1)

2

V 2 ,

Vs = 1
̂Vs

(1 − z gμ(−z)),

qs =
m̂2

s + ̂qs

̂Vs
[1 − 2zgμ(−z) + z2g′ μ(−z)]

−
̂qw

(λ + ̂Vw) ̂Vs
[−zgμ(−z) + z2g′ μ(−z)],

ms =
m̂s

̂Vs
(1 − z gμ(−z)),

Vw = γ

λ + ̂Vw
[ 1

γ − 1 + zgμ(−z)],

qw = γ
̂qw

(λ + ̂Vw)2 [ 1
γ − 1 + z2g′ μ(−z)],

+
m̂2

s + ̂qs

(λ + ̂Vw) ̂Vs
[−zgμ(−z) + z2g′ μ(−z)],

η(y, ω) = argmin
x∈ℝ [ (x − ω)2

2V + ℓ(y, x)]
𝒵(y, ω) = ∫ dx

2πV 0
e− 1

2V 0 (x − ω)2
δ (y − f 0(x))

where V = κ2
1Vs + κ2

⋆Vw, V 0 = ρ −
M2

Q
, Q = κ2

1qs + κ2
⋆qw, M = κ1ms, ω0 = M/ Qξ, ω1 = Qξ and gμis the Stieltjes transform of FFT

κ0 = 𝔼 [σ(z)], κ1 ≡ 𝔼 [zσ(z)], κ⋆ ≡ 𝔼 [σ(z)2] − κ2
0 − κ2

1 , and ⃗zμ ∼ 𝒩( ⃗0 , Ip)

ϵgen = 𝔼λ,ν [( f 0(ν) − ̂f(λ))2]
with (ν, λ) ∼ 𝒩 (0

0), ( ρ M⋆

M⋆ Q⋆)

ℒtraining =
λ

2α
q⋆

w + 𝔼ξ,y [𝒵 (y, ω⋆
0 ) ℓ (y, η(y, ω⋆

1 ))]

with ω⋆
0 = M⋆ / Q⋆ξ, ω⋆

1 = Q⋆ξ

[Gerace, Loureiro, FK, Mezard, LZ, ICML, 2002.09339], 



PHASE DIAGRAM

d/p=0.1

yμ = sign(Cμ ⋅ w0)Xμ = erf(FCμ) classification, least-squares loss



• Loureiro, Sicuro, Gerbelot, Pacco, Krzakala, LZ,  Learning curves of generic features 
maps for realistic datasets with a teacher-student model;  arXiv:2102.08127.  

• Loureiro, Gerbelot, Cui, Goldt, Krzakala, Mézard, LZ,  Learning Gaussian Mixtures with 
Generalised Linear Models;  arXiv:2106.03791. 

CAPTURING LEARNING CURVES 
OF REAL DATA

https://arxiv.org/abs/2102.08127
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