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Machine Learning in a Nutshell

Instantiate a model
finit () = f(x;0init) with  Oinit € P(Oinit)

« Train the model, e.g. by gradient descent

oL

0, (t+1) = 0,(¢) T P
o=

Use the trained model to make predictions

p(ftra,ined) mean, variance, etc.
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Function:

Neural Networks
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Neural Networks
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Neural Networks
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Machine Learning in a Nutshell

Instantiate a model

finit (z) = f(Z; Onit)  with

« Train the model, e.g. by gradient descent

Use the trained mode

Ou(t+1) =0,(1)

to make predictions

Oinit € P(Oinit)

oL

/

p(f trained )

~ 198, lo—acs

mean, variance, etc.
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Trained function, Taylor-expanded around initialization:

ftrained — finit

(etrained — Hinit)

af
dO linit
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(etrained — Hinit)

a2 f

dB? linit
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Problems 1,2, &3

Trained function, Taylor-expanded around initialization:

df 1 2 d* f
ftrained = finit + (Otrained — Hinit)@ init 2 (Gtrained — Oinic) d6? linit

 Problem 1: too many terms in general
* Problem 2: complicated mapping

* Problem 3: complicated dynamics

df | d*f
p(elnlt) — P (Hlmta f1n1t7 % it W

statistics at /n/tialization statistics after training
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Problems 1,2, &3

Trained function, Taylor-expanded around initialization:

df 1 Ld2f
ftra,ined — finit (etrained — Hinit) @ - 9 (etrained — Hinit) W

init
 Problem 1: too many terms in general
* Problem 2: complicated mapping
: : Otrained = |Otrained| | Ginits fini 4 dz—f > algorithm; data
o Problem 3: COmpllcated dynam|CS trained trained init» 1n1t7d0 init7 d92 init7..., g )
4 )
df | d*f
p(é’init) — P (Hinitafinita @ o ’—d02 o — p(ftrained)
Init 1init N y

statistics at /n/tialization statistics after training
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(a.k.a. perturbation theory)




Despair & Hope

* Microscopic perspective (focusing on individuals):
the more model parameters, the more complex. We are doomed...

« Macroscopic perspective (focusing on averages):
the more model parameters, the simpler. We can do this!

Simplification when there are infinitely-many neurons in hidden layers

(a.k.a. law of large numbers)
AND

systematically going beyond that idealized limit
(a.k.a. perturbation theory)

af
df

d> f

Oinit) — 9 9
p( 1n1t) p( init flnlt it d@

y ) — p(ftrained)

1n1t

Statistics become sparse & dynamics can be truncated
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« Gaussian Prior (& Posterior) [R. Neal (1996), J. Lee+Y. Bahri et al. (ICLR 2018), A. Matthews et al. (ICLR2018)]

° (Neural Tangent) Kernel Learning [A. Jacot, F. Gabriel, & C. Hongler (NeurlPS 2018)]

As simple as we can imagine, but...
* No Representation Learning(*)

* No Algorithm Dependence

too simple to describe real deep neural networks

(*Representation Learning:
the ability of a model to learn useful representations from data)



Trailer forpart2: 1 — OO

« Gaussian Prior (& Posterior) [R. Neal (1996), J. Lee+Y. Bahri et al. (ICLR 2018), A. Matthews et al. (ICLR2018)]

° (Neural Tangent) Kernel Learning [A. Jacot, F. Gabriel, & C. Hongler (NeurlPS 2018)]

As simple as we can imagine, but...

 No Representation Learning

* No Algorithm Dependence

too simple to describe real deep neural networks

A useful starting point but not the end of the story
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n

* Yes Algorithm Dependence

complex enough to capture rich phenomenology of real deep neural networks
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Trailer for part3: 10 > L

* Nearly-Gaussian Prior (& Posterior)  [§4 (&§6) of arXiv:2106.10165]

* Weakly-Nonlinear Learning Dynamics [§11& §0]

A bit more complex but tractable, and...

L

* Yes Representation Learning ¢ =
n

* Yes Algorithm Dependence

complex enough to capture rich phenomenology of real deep neural networks

Qualitatively very different from infinite-width limit
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2. Neural Networks at Infinite Width



Some Notations

N ~ L
. Initial outputs:  Zp.5 = 21 (%5} Oinit)

. L
 Trained outputs: Zi;5 = Z,L( )(335; Htrained)

introduced sample index 0
dropped (L)

hatted initial

starred trained

O O O O



Training Dynamics
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Training Dynamics

Gradient descent: Hu(t +1) = Ou(t) —n (




Training Dynamics
P
Gradient descent: 9“ (t + 1) — 0“ (t) —n Z )\“V

v=1

&EBtrain J

Av@p® = 0igisAb, Ay ) @) =
1 12

oL de;&

823';& d@,/

11J1 272



Training Dynamics
P

| 0L dzj.a
Gradient descent: 0“ (t —|— ].) = 9“ (t) — 1 Z )\,U»I/ Z Z 82}3& dé;}

vr=1 &EBtrain J

AW
Av@p® = 0igisAb, Ay ) @) = 5@'171253'13'2
11 2 ‘171 1272

good wide limit




Training Dynamics
P
Gradient descent: 0“ (t + 1) — 0“ (t) —n Z )\'u,/

Taylor expansion:
Zi;5(t + ]-) :Zi;5(t)

dz;.s dzi.a oL
. )\ 5 1, 7],
n) (; " de, de, ) 0zj.a

J,&

O(1/n) (=




Training Dynamics
P

Gradient descent: 9“ (t -+ 1) — Hu (t) - Z )‘F“/ Z Z

Taylor expansion:
Zi;5(t + ]-) :zi;5(t)

dz;.s dz;.5 oL
. A i Ve
1) (; h a9, do, ) 024

J,&

= H;j.5a (t) Neural Tangent Kernel (NTK)




Training Dynamics
P

Gradient descent: 9“ (t -+ 1) — Hu (t) - Z )‘F“/ Z Z

Taylor expansion:
Zi;5(t + ]-) :Zi;5(t)

dZ'.5 dz;.s 8[:
o )\ 5 1, 7],
n) (; " de, do, ) 0%j.a

J,&

= H;j.5a (t) Neural Tangent Kernel (NTK)

Similarly:

Hi1732;5152 (t an 1) — Hi1i2;5152 (t) + O (%)




Training Dynamics

P
Gradient descent: 0“ (t + 1) — 9“ (t) — 1 Z )\,u,l/ Z Z
vr=—1 &EBtrain .7
Taylor expansion:
Zi;5(t + ]-) :zi;5(t)
dzi.s dzj.4
—”Z (ZAW e, db, )
= H,,. 5a = H;;.5a “frozen” NTK

Similarly:

Hi1i2;5152 (t T 1) 21%2,5152

0+06T




Training Dynamics

Zzig(t+1) = zi5(t) —n Y Hyjsa 3,
. J

~

s X



Solving “Problem 3” (Dynamics)
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Solving “Problem 3” (Dynamics)

Zz';é(t + 1) — Zi;é(t) — 7N Z j_\l’ij;‘s& Oz
| J

s X

“E.g.,” (") for L = % Zi,& (246 — yi;&)z

(*It turns out that the detailed forms of the loss/scheduling won’t matter:
algorithm independence, §10.2.2 of arXiv:2106.10165)
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Solving “Problem 3” (Dynamics)

zig(t+1) = 2i;5(t) — 1 Z Hijisal2j;a(t) — yj;a]
aEBtraun

“E.g.,” (") for L = % Zi,& (246 — yi;&)z

(*It turns out that the detailed forms of the loss/scheduling won’t matter:
algorithm independence, §10.2.2 of arXiv:2106.10165)
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Solving “Problem 3” (Dynamics)

Zi;5(t + 1) — 24 5 — 7N Z H;j, 5a &(t) — ?/j;&]
aEBtrmn

“E.g.,” (") for L = % Zi,& (zi;a — yi;&)z

. ~—1) ¢
* — A. — o o ~ Y ~ — ~
(exponentially) 2436 = <50 E : HZJ;5a1 (H ) (Zk;az yk;az)

jakaalaal

(*It turns out that the detailed forms of the loss/scheduling won’t matter:
algorithm independence, §10.2.2 of arXiv:2106.10165)



https://arxiv.org/abs/2106.10165

Solving “Problem 3” (Dynamics)




Solutions to “Problems 1 & 2”

p(6ie)(2)p(2, H) — p(=")



Solutions to “Problems 1 & 2”

« (Gaussian distribution [R. Neal (1996), J. Lee+Y. Bahri et al. (ICLR 2018), A. Matthews et al. ICLR2018)]

p(éi;d) X €xXp _% i,61,02 (K_1)5162 273;51 271;52

e Deterministic NTK [A. Jacot, F. Gabriel, & C. Hongler (NeurlPS 2018)]

AN

Hi1i2;51 d2 — 5’i1’i2 @51 02

p(Oinis) (=) (2, H) — p(2*)



Solved EVERYTHING

p(z*5) Gaussian distribution
7/,

with mean mgi.s = E @5&1 (@—1)041042 Yisao

Q1,02 E€train

and variance involving both K5152, @5152



Solved EVERYTHING but...

p(z*5) Gaussian distribution
Z’

with mean mg.s = E @5&1 (@—1)a1a2 Yi;éao

Q1,00 €Etrain

and variance involving both K5152, @5152

 No Representation Learning (linear model with random features)

 No Algorithm Dependence (GD, Newton, SGD with decreasing learning rate, ...)

too simple to describe real deep neural networks
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Training Dynamics
P
Gradient descent: 0“ (t + 1) — 0“ (t) —n Z )\'u,/

v=1

Taylor expansion:

Zis(t+ 1) =2;5(1) NTK H(t)
dzi;(s de;& oL
B "]Z; (; TR ) 02;.4

+...




Training Dynamics
P

| 0L dzj.a
Gradient descent: 0“ (t + ].) — 0” (t) — 1 Z )\,U»I/ Z Z 82}]& dé:/

Taylor expansion:
zia(t+1) =z5(t)  NTK H(t)

dz;.s dzi.q \ OL
o A 5 1, 7],
”;(; a0, dH,,)

0%Zjia  differential of NTK (dNTK) dH (1)

2 2
(] dzq;-(s del-&l deQ-&2 8£ 8£
o A 1/)\ Vo ) ) )

11,72,001 00 \MU1,V1,42,V2

+...



Training Dynamics
P

Gradient descent: 0“ (t + ].) = HIJ (t) — 1 Z )\,U»I/ Z Z 82}]& dgl/

Taylor expansion:
Zis(t + 1) =24.5(t) NTK H ()

dz;.5 dz;.5 \ OL
203 (Z N b, )

0%Zjia  differential of NTK (dNTK) dH (1)

(] d2Z7;-5 de X" de & 8£ 8£
o A y A Ve ; 1,01 2,02
+ 2 Z ( Z H1PL TR d@uldem d@,/l d@,/2 82’]‘1;&1 82’]'2;&2

J1,J2,0102 \MU1,V1,42,U2

3 3
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Training Dynamics
P

| 0L dzj.a
Gradient descent: 0“ (t + ].) — 0” (t) — 1 Z )\,U»I/ Z Z 82}]& dé:/

Taylor expansion:
Zis(t + 1) =24.5(t) NTK H ()

dzi;(s de;& oL
2. (Z A do, ) 0Zjia  dj i
z j:&  differential of NTK (ANTK) dH (t)
(] d2z¢.5 del-&l deQ-&2 8£ 8£
' )\ 5 )\ Vo ) ) )
+ 9 Z ( Z p1v1 M2 d9u1d9M2 d@,/l d@,/z BZjl;&l 8Zj2;&2

O ( 1 /n) J1,J2,0102 \M1,V1,42,V2

3 3
(] Z Z d ATE) del-&l de2.&2 de3-&3 oL oL oL
___ ¥ )\ y )\ yzA y ) ) ) )
§ ( H1PLT 2 H3Vs d9“1d9u2deu3 d0V1 d0V2 dHVB 6Zj1;&1 823'2;542 sz3;&3
4+ ddNTK ddH (t)

O(1/n?)



Training Dynamics
P

Gradient descent: 0“ (t + ].) = 0” (t) — 1 Z )\,U»I/ Z Z 82}]& dgz/

Taylor expansion:
Zis(t + 1) =24.5(t) NTK H ()

dz;.s dzs.5 oL
. )\ y (2 .77a
12 (Z " d, d, ) 0zjia i -
z j:&  differential of NTK (ANTK) dH (t)
(] d2z¢.5 de X" de & 8£ 8£
o A 5 )\ Vo y 1,81 2,22
+ 9 Z ( Z H1V1 72 d9u1d9M2 d@,/l d@,/z BZjl;&l 8Zj2;&2

O ( 1 /n) J1,J2,0102 \M1,V1,42,V2

3 3
. E § )\ y )\ yzA y ) ) ) )

/ ddNTK ddH (t)



Training Dynamics
P

Gradient descent: 0“ (t + ].) = HIJ (t) — 1 Z )\,U»I/ Z Z 82}]& dgl/

Taylor expansion:
Zis(t + 1) =24.5(t) NTK H ()

dzi-(s de-&> oL
—n Apv 0 ’
Z (Z by dby ) Ozjia differential of NTK (dNTK) dH (1)
T]_ dQZ'i;(s del;&l de2;&2 8£ 8£
+ 9 Z ( Z )\uwl)\uzvz dgmdguz dg,, db,, 8zj1;&1 82’]'2;&2

O(l/n) j17j2a&1&2 H1,V1,H12,V2

3 3
. E § )\ y )\ VZA y ) ) ) )

/ ddNTK ddH (t)

Similarly some dynamical equations for NTK and dNTK (while ddNTK is frozen at this order)



Solving “Problem 3” (Dynamics)

7, dH /\) n

[...long song & dance with dynamical perturbation theory to get z* (2, H,dH,ddH



Solving “Problem 3” (Dynamics)
+ R A -~ _ 1 Jjk;a1aa R
“is6 T 130 T Z Hijisa, (H ) [zk;& - yk;&]
+ despicable(y, z, H , gﬁ, ddH ; algorithm)

H* + H



Solving “Problem 3” (Dynamics)
Jki;ai1o2
7, 5 —Zz 0 T Z sz 0] ( 1) [Zk;& — yk;&]
+ despicable(y, z, H , gﬁ, ddH ; algorithm)
H* + H

NTK now “defrosted”: indicative of Representation Learning!

Solution depends on the algorithm: Algorithm Dependence!



Solving “Problem 3” (Dynamics)

Zi(t = 00) (00.141)
=z;5(t = 00) + z;.5(t = 00)
=Zi0 — E : Hij;5&1 <H > ” (Zk;&z - yk;é’@)
jaka&17d2 J
Ig. .. . . a5 a6
+ Z dH31@]2;04150¢2 Z H5a5H dH_]l’LjQ ;1 eg e
J1,J2,01,02,003,004 as,06
1oty o o o
X ZA (Zjl;a3 - yjl;a3) (2.72;044 Yjosa 4)
/\,, . - o~ _ a5a6
+ 2 : dH@Jljz;&llaz E : H5a5H dHZ]ljz ;0e vy (i
j17j27&17&27&37d4 Ots,Oéﬁ
10030y o o o
X ZB (z]1§a3 - yj1;a3> (Z]2;0t4 y]z,oc4>
2 : a7ds
+ E ddIHjllj2j3,a15a2a3 H5047H ddIH]1U2]3 ;001 Qg (2 i3
J1,J2,J3, ar,as
a1,002,03,004,05,06
a1 Q203040506 L. L. AU .~ .o~ .~
X Z (Z.71§044 y]13a4) <z32;015 y]250é5) (233;046 yjs;aes)
2 : } : arag
+ ddIH’lejgjg 001 Gioey HéOé?H ddIHZ]1]2]3aa8a1a2a3
j17]27.735 O477058
a1,a2,03,04,05,06
Q10203040506 P L o~ .~ A .~
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Solving “Problem 3” (Dynamics)

Zi5(t = 00) (00.141)
F _ _
=2F,(t = 00) + 2L4(t = o0)
=Zi30 — Z Hij§55él <H > ” (Zk;&z - yk;d2>
jaka&17d2 J
+ Z del";j%dl(SdQ - Z H5a5H dH J11)2;01 Geg Ceg
J1,J2,01,02,03,04 as,0
(Zjl,as y]l,as) (Zj2;5t4 Yjosa 4)
/\,, . ~ ~ 055(16
+ Z dH@Jljz;&llaz o Z H5a5H dHZJljz ;a6 Q1 Q2
j17j27&17d276é37d4 Ot5,0£6
(zj1,oz3 y]1,0é3> (sz;d4 y]z,a4>
a7a8
+ Z ddIHjllj2j3,Oé1(SOé20ég Z H5047H ddIH]1132J3,0110480620é:3
o J1,2,03, Q7,08
1,02,003,04,05,06
Q10203040506 ) ., . . o o . .
X\Z1A (Z31§a4 - y]1§a4) (Zyz;% - yyz;as) (Zys;ae - yys;ae)
arag
+ Z ddIHZjljgjg ;0001 Giaez Z H5a7H ddIHUl]MS,OéSOélOQOB
j17]2,.735 O577058
a17a2’a3 a4,a57a6
Q10203040506 Y., . o o o o o
X¥IB Rj1;04 y]l;a4) (ZJ2§045 - yjz;a5) <z]3;046 - y.733046)
arag
+ Z ddIIHjleng (&1 G0b3 Z H5a7H ddHH]l]QZJB ;01 G2 g (rg
]17]27]37 a77a8
a17a27a3 O54 O55 Oéﬁ
Rj1;04 yjl;&4) (ij;d5 - yjz;d5) (st;de - yj35d6)
arag
+ Z ddHHZJ1J2J3,5a1a2Ot3 Z H50¢7H ddHHZ]lJ2J3,Oé8a10t2a3
o .7 7.727.]35 a77a8
a1,02,03,04,05,06
a1Q203040506Y ., . o o . . o
X ZIIB Rji;6 y]l;a4) (ij;OAE) o yjz;oé5) (z]3;0t6 o y]3;a6)
1
+0(—) .
n

algorithm projectors



Solving “Problem 3” (Dynamics)

A/\/\

z H,dH, ddH

p(Binis) — p(z, H,dH,ddH) @p



Solutions to “Problems 1 & 2”

[See: §4, §8, §11.2, & §00.3 of arXiv:2106.10165]

p(einit)@p(g, H,dH,ddH) — p(z*)


https://arxiv.org/abs/2106.10165

Always Forward

Strategy

O~ O O
PN S AN 2 -5
N& & &
K K e
N N
PEPREY)
PPy
I I 0




[ ]
[ ]
[ Y

S

3

o

S

=

=

k¢S

N—"

&

Ol e T e T
e S0 S
SN S
N ==
NN /F
Aé‘ Aé/ﬂ \\

Always Forward

Strategy



Strategy: Always Forward
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Strategy: Always Forward
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Strategy: Always Forward
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(RG-flow interpretation: §4.6 of arXiv:2106.10165)


https://arxiv.org/abs/2106.10165

Solved EVERYTHING
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Solved EVERYTHING
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Solved EVERYTHING
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Solved EVERYTHING

* :
p(zz5) nearly-Gaussian
’ NTK fluctuations (agitated NTK) ddNTK (defrosted NTK)

G51625 V(6162)(8584) Ho1625 A61626560, B, D Pl P, QRS ,T LU

dNTK (defrosted NTK)

non-Gaussianity
NTK mean

*all recursively computable



Solved EVERYTHING and...

* ) .
p(z’i;5 nearly-Gaussian

ddNTK
/ \
G5,605 V(6162)(6564)> Hb1605 As1626:64, B, D F. P _,Q R _,5. ,T. ,U..
dNTK
* Yes Representation Learning (cubic model with evolving features) I
CX f—
n

* Yes Algorithm Dependence (encapsulated by algorithm projectors)

complex enough to capture rich phenomenology of real deep neural networks



A Word about Overly-Deep Neural Networks

p(Z:(S) nearly-Gaussian
’ NTK fluctuations

~ —
G562, V(6,65)(5364)> Hb1655 Ab1606564,B.., D, F._,P. ,Q. ,R. ,S. ,T. ,U..

L

Instantiation-to-instantiation fluctuations O —
n



A Word about Overly-Deep Neural Networks

L
n

O « . 9 ¢« _ ”
not deep effectively-deep overly-deep

untrainable



Summary

" = OO
simple, no representation learning, no algorithm dependence

n > L

a little more complex but tractable, yes representation learning & algorithm dependence

L>n

too complex, chaotic, untrainable

L

not c(l)eep “effeCtively‘deep” “Ove”y_deep”



4. The Principles



The Principle of Sparsity for WIDE Neural Networks

szH

OO (= 7,8 )@p

statistics at /nitialization statistics after training



The Principle of Sparsity for WIDE Neural Networks

z H dH
/\
0) Z
statistics at /nitialization statistics after training

 Infinite width:

P (/Z\, H) specified by G(L), H L) ;linear dynamics



The Principle of Sparsity for WIDE Neural Networks

z H dH
~ P e —
O (2.8, 3H,.. )@p
statistics at /nitialization statistics after training

Infinite width:
p (/Z\a H) specified by G(L), H L) ;linear dynamics
Large-but-finite width at O (n) n1,MN2,...,nr_1 > L]|:

p (/Z\, ﬁ, gﬁ, (ﬁ) specified by

G gL @) 4@ I pl) p@) pE) o) R gL @) y@) ; cubicdynamics



The Principle of Criticality for DEEP Neural Networks

(Cb | CW ) critical

optimal initialization hyperparameters for deep neural networks




The Principle of Criticality for DEEP Neural Networks

« Taming exponential exploding/vanishing kernel problem:
Poole et al. (NeurlPS2016); Raghu et al. (ICML2016); Schoenholz et al. (ICLR2017); §3 (DLN)+8§5 (general) of arXiv:2106.10165

 Taming exponentialexploding/vanishing gradient problem: §9.4

« Bayesian evidence: §6.3.1
 Generalization error: §10.3

* Mutual information: §A.2

(Cb 7 CW ) critical

optimal initialization hyperparameters for deep neural networks



https://arxiv.org/abs/2106.10165

The Principle of (Layer) Equivalence

 Taming polynomialexploding/vanishing gradient problem: §9.4

How to scale learning rates with depth
such that all groups of model parameters contribute equally



The Principle of Typicality

The way we study things:
analyze statistics and ask what happens typically

The Principle of Universality

The study of criticality can be organized into
various universality classes of activation functions



THE PRINCIPLES OF

DEEP LEARNING
THEORY

An Effective Theory Approach
to Understanding Neural Networks

Daniel A. Roberts and Sho Yaida

based on research in collaboration with Boris Hanin

arXiv:2106.10165



https://arxiv.org/abs/2106.10165

